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Abstract

We present a lattice Boltzmann model designed for the simulation
of dilute and dense finite-sized rigid particle suspensions, aiming at
studying the rheology of crystal bearing magma that flows under ap-
plied shear.

We use a bottom-up approach and fully resolve the mechanical in-
teraction between fluid and particles. Our model consists in coupling
a lattice Boltzmann scheme for Newtonian and incompressible fluid
flows with an immersed boundary scheme to simulate two-ways fluid-
particles interaction. We introduce a simple yet robust contact model
that includes repulsive elastic collision between particles, and neglects
lubrication corrections. We apply this model to simple sheared flow
with rigid spherical particles and we provide results for the relative ap-
parent viscosity of the particle suspension as a function of the particle
volume fraction and strain rate of the flow.

We find that, using the proposed approach, there is no need for
a lubrication model in the magmatic regime, provided that an elastic
contact model is included. Our algorithm, therefore, can be based
only on physically sound and simple rules, a feature that we think to
be fundamental for aiming at resolving polydispersed and arbitrarily
shaped particle suspensions, as those found in magmatic environments.

Comparing our results with Krieger-Dougherty semi-empirical law,
we demonstrate that the simulations are not sensitive to the particle
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Reynolds number for Rep � 1, which is the Reynolds of interest for
modeling magmatic flows.

We show that the proposed model is sufficient to obtain a correct
description of the rheology of particle suspension up to volume fraction
equal to 0.55 (approaching the critical random packing fraction for
monodispersed spheres), which goes beyond the state of the art. We
finally demonstrate that the fluid-solid density ratio does not impact
significantly the simulations in absence of gravity, which allows us to
increase the performance and stability of the implemented algorithm.

Keywords— lattice Boltzmann, particle suspensions, magmatic
flow, immersed boundary method, numerical rheology

1 Introduction
Magma is a multicomponent mixture of silicate melt and crystals (i.e.
crystals bearing magma) that, at shallow levels in the crust, can experi-
ence the exsolution of volatiles and form a three phase suspensions (i.e.
crystals and bubbles bearing magma). The rheology of crystal bear-
ing magmas has been extensively investigated experimentally and it
has been found that magma exhibits non-Newtonian behavior at both
high particle volume fraction φ and/or strain rate γ̇ (see [35, 26]).
Experimental investigations focused on determining the rheology of
bubbles and crystals bearing magmas also exists (refer to [26] for in-
stance). However the complex non-linear interaction between the three
coexisting phases substantially increase the complexity of magma rhe-
ology characterization. In this context, numerical modeling of particles
and bubbles suspensions aimed at directly/fully resolving the mechan-
ical interaction between the different phases at the scale of bubbles
and crystals may reveal fundamental to improve our understanding of
magma rheology.

As a first step to build such a tool, a two-phase (fluid and particles)
scenario is considered in this article. In particular, to validate our
approach, it is crucial that the rheological behavior of the simulated
particle suspension follows the Krieger-Dougherty law [16], that relates
the relative apparent viscosity µr of the suspension to the particle
volume fraction φ as:

µr =

(
1− φ

φM

)−BφM

, (1)

with φM the maximum packing fraction. Throughout all this study, we
used B = 2.5, which is a common value for rigid spheres [7, 36, 37, 12].
Equation 1 is widely used and proves to be in good correlation with
experimental data [7, 28, 26].
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Moreover, in order to model particle suspensions that mimic a mag-
matic environment, one should reproduce as much as possible a viscous
(particle Reynolds number, Rep � 10−3), strongly coupled (Stokes
number, St � 1) and hydrodynamic (Peclet number, Pe � 103)
regime [26]. The particle Reynolds number of a suspension Rep is
defined as Rep = ρfr

2γ̇/µ0, where ρf is the density of the suspend-
ing fluid phase, r is the particle radius, γ̇ is the strain rate and µ0

the viscosity of the pure fluid phase. Similarly, using the density ρs
of the solid phase (particles), the Stokes number of the flow reads
St = ρsr

2γ̇/µ0 and characterizes the coupling between solid and fluid
phases. Finally, the Peclet number Pe = 6πµ0r

3γ̇/(kT ) accounts for
the effect of Brownian motion of suspended particles, with k the Boltz-
mann constant and T the temperature.

Particle suspension dynamics is often simulated including rheologi-
cal parametrization for non-Newtonian fluids into Navier-Stokes equa-
tions (see [27, 15, 39]). Our goal here is to develop a more funda-
mental model, in which the non-Newtonian viscosity of the suspension
emerges naturally from the interaction between a Newtonian fluid (i.e.
the melt) and the particles it contains (i.e. the crystals). LB is a well
suited technique for reaching such a goal due to its capability to deal
with complex physics and geometry (see [33, 41] for instance). Indeed,
our choice of LB method is dictated by our desire to eventually develop
a three phase magma model, for instance two immiscible fluids (where
LB is known to excel [32]) interacting with moving solid particles.

To the best of authors’ knowledge, LB works targeted to model
particle suspension under magmatic flows conditions do no exist. How-
ever, many LB works aiming at achieving direct numerical simulation
of particles suspensions have been published and several are the meth-
ods proposed to simulate moving solid boundaries. In [20, 21, 2], a
generalization of the bounce-back rules for moving boundaries is de-
veloped. The immersed boundary (IB) method ([34, 40]), based on a
Lagrangian point of view, is an alternative that is increasing in popu-
larity [44, 29]. In the present paper, we focus on a multi-direct forcing
approach of IB which has recently been adapted to the field of LB
methods [30] and that we think particularly well suited to the case
where multiphase fluid phases may interact with each other and the
solid particles.

In the LB literature for particle suspensions, excellent agreement
with theory has been reported in [12] for φ < 0.5. In [23], the authors
investigate particle suspension up to φ < 0.2. On the same line, [19]
simulate suspensions with φ ≤ 0.3. While the aforesaid works all
use rigid spheres as suspended particles, [25], coupling LB to a finite-
element method for particle deformation, simulate deformable spheres
as well as blood platelets and obtain good results for φ < 0.5. In [13], a
wide range of particle shapes are simulated and shows good agreement
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with other authors, and different lubrication models are compared.
Probably due to its less straightforward implementation, the IB

method has been used more sporadically in this field. In [17] good
results using IB method for spherical and deformable platelets particles
are presented, while [4] apply it to a large number of spherical particles,
yielding correct results for φ < 0.4.

Some of the aforementioned LB studies obtain good agreement with
the experimental data. However, for what concerns the relative appar-
ent viscosity µr as a function of φ, it seems still difficult to properly
model the case of very high particle concentrations, where φ is ap-
proaching the maximum packing fraction φM (φM ≈ 0.64 in the case of
spheres). In particular, no work reports convincing results for φ > 0.5.
The investigation of such relationship is one of the main goals of this
work.

Finally, in [7], it is stressed that slight differences in the hypotheses
on which the contact and/or lubrication model are based result in sub-
stantially different outputs. A similar observation is done in [38], where
the authors remark how, at high particle volume fraction, models re-
sults are extremely sensitive to nonhydrodynamic interparticle forces.
The authors conclude, therefore, that the most crucial point for a suc-
cessful particle suspension simulation is to employ a proper contact
model. This point of view is supported by several works studying the
impact of interparticle interaction on suspensions rheology. Therefore,
it seems to be critical to us to be able to achieve realistic simulations
using a minimum number of modeled ingredients.

2 Method
In this work we resolve the Navier-Stokes equations for an incompress-
ible fluid using a Bhatnagar-Gross-Krook (BGK) single relaxation time
collision model [3] with a D3Q19 topology. We used the Palabos open-
source library [31] for all the simulations presented.

Many physical properties of magma are difficult to simulate: in the
context of this work, the most extreme one is the high viscosity of the
silicate melt (from 10−1 Pa · s to 106 Pa · s approximately, depending
on the melt composition [5]) that makes the flow Reynolds number Re
extremely low. Indeed, for Re � 1 and for fixed lattice spacing ∆x
and relaxation time τ , the lattice time step ∆t has to be kept very
small because τ is directly related to the viscosity. Discussions on the
scaling of ∆t for low Re can be found in [17, 18]. In this study, we
kept the value τ = 1 and adapted ∆t consequently (see Section 2.4 for
a detailed description of the parameters).
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2.1 Fluid-Solid coupling
Here we represent particles as rigid bodies whose motion, in absence
of particle-particle interaction, follows the classical laws of mechanics
as determined solely by the interaction between the fluid and a solid
body. We model that by using the multi-direct forcing IB scheme
([43]), following the implementation presented in [30].

As a benchmark for our implementation, we used Jeffery’s solution
for the angular velocity ϕ̇ of an ellipsoid with aspect ratio re in a shear
flow with strain rate γ̇ [14]:

ϕ̇ =
γ̇

r2e + 1

(
r2e cos2 ϕ+ sin2 ϕ

)
, (2)

and the period T of the ellipsoid reads T = 2π(re + 1/re)/γ̇.
In Figure 1, we show the normalized angular velocity ϕ̇T/2π about

the vorticity vector for several different ellipsoids simulated with our
IB implementation against the reference solution.

2.2 Contact model
A common approach (see [12, 38, 6, 13] for instance) to the modeling
of particle-particle interaction makes use of two steps: 1) a lubrica-
tion model, which is a sub-grid model accounting for the non-resolved
pure hydrodynamic effect of increasing repulsive force, that a parti-
cle experience while it approaches another solid boundary [8], and 2)
an additional contact model for very close particles, supplying the lu-
brication model, which fails for very small gap between boundaries
[7, 12, 13]. In some cases a third, non-physical model for extremely
close or interpenetrating particles is also used [12].

We think that this general approach to model the collisions is not
necessarily the best one. In the case of magmatic flows indeed, the
use of a lubrication subgrid model appears superfluous and we will
show how a simple repulsive soft-collision elastic model (step 2 only)
is sufficient to recover a realistic suspension behavior.

The repulsive spring model we use reads as follow. We consider
spherical particles 1 and 2, whose center are denoted by x1 and x2

respectively. The corresponding radii are named r1 and r2, so the gap
between particles reads h = ‖x1 − x2‖− r1 − r2. The force exerted by
particle 1 on particle 2 is then equal to

F12 = −F21 =

{
−k(δ − h) x2−x1

‖x2−x1‖ if h < δ

0 otherwise,
(3)

with k and δ some parameters of the force model whose impact
is discussed below. This method is general and may be applied to
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Figure 1: Normalized angular velocity ϕ̇T/2π about the vorticity vector for
several spheroidal particles with aspect ratio re in a shear flow, as a function
of particle orientation, for a strain rate γ̇ = 103 s−1. Simulation points are
compared to Jeffery’s analytical solution (dashed lines).

6



particles of arbitrary shape, except for the space gap between particles
and the orientation of the applied forces, which should be computed
accordingly.

A consequence of the used model is that a slight particle interpen-
etration can occur during collisions. Using Equation 3, the work done
by a moving particle interpenetrating a rest particle by a distance D
can be calculated as

W =

∫ δ−D

δ

F (x) dx = k
D2

2
. (4)

If the kinetic energy of the incoming particle is given by E = mu2/2,
it follows that the interpenetration distance can be expressed as D =
u
√
m/k, with m and u the mass of the particle and the characteristic

velocity of the flow respectively. Given D, which must be much smaller
than the typical particle radius r, one determines the value of k. Note
that D impacts the actual volume fraction, since the particles collide
with an effective radius equal to r −D (if one chooses δ = 0). Thus,
the effective volume fraction φ must be computed using this effective
radius. For D = r/100, this reduces the volume fraction by three
percent approximately.

As a final remark, one should ensure that D � u · ∆t; this is
to say the time step is small enough for the spring collisions to be
sufficiently resolved in time. For the typical simulation configuration
used in this study (see Section 2.4), this leads to ∆t � 10−5, which
is consistent with the time step already required by the type of flow
simulated (see Section 2.4). However, for smaller values ofD (i.e larger
spring constant k), one should adapt the time step consequently.

2.3 Viscosity measurement
As reported in [1], different methods can be exploited to compute ap-
parent viscosity of suspensions. In some flow configurations, spurious
viscosity can appear near the walls, giving rise to the so-called wall
effect. A convenient way to avoid wall effect is to use Lees-Edwards
boundary conditions [24, 42] in order to emulate an infinite domain
along the axis on which the velocity gradient is applied. This method
has been used by [23] for instance, who then relates the viscosity to the
total dissipation of the fluid. It is also possible, as in [17] for example,
to integrate the fluid stress tensor over particles surfaces. For the type
of flow considered in this work, the results indicate that the wall effect
can be ignored, as done in [12]. Moreover, this effect is also present in
laboratory experiments [7]. For this reason, we used an evaluation of
the average wall shear stress at the walls in order to compute the vis-
cosity of the simulated suspensions. As indicated by [17], this method
is sufficient as long as local stresses assessment can be avoided.

7



2.4 Simulation setup
The simulation setup we choose is inspired and consistent with those
of a real rheometer as described in [28]. Flow and particles parameters
reflect magma properties as reported in [26].

Other model parameters are chosen to guarantee stability and ac-
curacy, as discussed in the above subsections. No gravity is applied. It
has been observed that the lattice spacing ∆x must be approximately
ten times smaller than the particle radius r in order to obtain accurate
results (see Section 3.2). The typical number of particles simulated
in the concentrated regime is approximately 103. Simulations with
up to 104 particles were achieved and yielded similar results. Table 1
summarizes the typical values used for the simulations.

The Stokes and Peclet number are St = 10−2 and Pe = 1011 re-
spectively, which corresponds well to the magmatic regime as discussed
in the introduction (St � 1 and Pe � 103). However, the particle
Reynolds number corresponding to these parameters is Rep = 10−2,
which is too large to characterize a flow completely dominated by vis-
cous forces. As mentioned above, this is due to the fact that the time
step ∆t directly relates to the viscosity of the fluid, resulting in reduced
performances for highly viscous flows. Instead of overcoming this issue
by using greater computational resources, one can argue that, as in [18,
chap. 7.2.3.3] for instance, Rep is still sufficiently small for the flow to
be insensitive to its actual value. This allow us to use a numerical
Reynolds number larger than the physical one in order to speed up the
simulations. The validity of this assumption is demonstrated in the
results section in Figure 3.

Figure 2 illustrates a possible simulation configuration. Periodic
boundary conditions are used along the x and z axes, while velocity
boundary conditions ux(x, 0, z) = lyγ̇ and ux(x, ly, z) = 0 are imposed
using a regularized scheme as proposed in [22].

3 Results
Figure 3 shows apparent relative viscosity results as a function of the
volume fraction of particles for different simulations (the standard con-
figuration as described in Table 1 is used). Each point corresponds to
a different simulation in which the spherical particles are randomly
placed in the domain at the beginning of the simulation. This was
done for different particle Reynolds number Rep. It is found that the
results in the range 10−3 ≤ Rep ≤ 10−1 are similar. Numerical ap-
parent relative viscosity is in good agreement with Equation 1 up to
φ = 0.54. The results are also compared to Einstein’s model [9, 10],
who demonstrated that the relationship µr = 1 + 2.5φ holds for a
Newtonian suspension of dilute spherical particles.
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Table 1: Summary of the typical value for the main parameters of the sim-
ulations.

Parameter Unit Name Value
Domain length [m] lx 10−2

Domain height [m] ly 10−3

Domain width [m] lz 2 · 10−3

Lattice time step [s] ∆t 6 · 10−7

Lattice spacing [m] ∆x 2 · 10−5

Particle radius (when spherical) [m] r 10−4

Fluid viscosity (without particles) [Pa · s] µ0 10−1

Fluid density [kg ·m−3] ρf 103

Solid density [kg ·m−3] ρs 2 · 103

Strain rate [s−1] γ̇ 10 2

Interpenetration parameter [m] D 10−6

Spring constant [N ·m−1] k 1

Figure 2: (top) Example of a simulation with φ = 0.4 and (bottom) the
corresponding velocity magnitude at the center of the domain.
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Literature results based on laboratory experiments show that a
critical volume fraction φc exists above which continuous networks of
interconnected particles (i.e. chains of particles) can form. For uniform
distribution of solid spheres, this value is between 0.5 and 0.55 [7]. Our
model is able to produce accurate results up to φc, while it fails for
larger values. As can be deduced from the fact that existing studies
using direct simulation methods all provide results for φ < 0.5 (see
the introduction section), it is likely that the critical volume fraction
constitutes a limitation for any numerical model which does not employ
a method specifically devoted to the treatment of chains of particles, as
the borderline with granular media is reached, and jamming transitions
occur [28].
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Figure 3: Relative apparent viscosity as a function of the volume fraction for
randomly initialized spheres of equal radius. (left) The results are found to
be similar for various particle Reynolds number Rep. (right) Results from the
simulations setup corresponding exclusively to the configuration of Table 1.
All the results are compared to Krieger-Dougherty and Einstein laws. The
colored area represents the concentrations range that is above the critical
volume fraction (φc ≈ 0.52).

Figure 4 displays, for several values of φ, the shear stress as a
function of the strain rate, as compared to Krieger-Dougherty law.
These simulations have been performed for numerous values of strain
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rate. We thus demonstrate the accuracy and robustness of the model
for a range of shear flows, up to values of strain rate inducing non-
Newtonian behavior.
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Figure 4: Shear stress as a function of the strain rate for randomly initialized
spheres of equal radius. The accuracy of the model is validated for a wide
range of strain rates, up to non-Newtonian behavior.

It must be noted that all the results presented above have been
obtained without a lubrication model. As also numerically verified by
[13, 37], in a dilute regime (i.e. when φ < 0.2) it is practicable to not
use any contact nor lubrication model (see Figure 5). This because
the lattice Boltzmann model correctly recovers the hydrodynamical
interaction between approaching particles when the gap between them
is larger than one lattice cell.

For more dense particle suspensions instead, both accuracy and
numerical stability are strongly impacted by particle-particle interac-
tions, and a contact or lubrication model is obviously needed. As also
reported in [11, 13], the exact value of the spring model does not im-
pact the rheological behavior, as long as k (or D) is properly adapted
to the flow properties, as discussed in Sect. 2.2.
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Figure 5: Example of results obtained interparticle interaction model, for
shear stress as a function of the strain rate with φ = 0.1 (top) and relative
apparent viscosity as a function of the volume fraction (bottom), showing
that, up to φ ≈ 0.2, no particle-particle interaction model is needed.

12



3.1 Influence of the density ratio
As noted by [37], numerical instabilities can appear when the density
ρs of the solid particles is close to the density ρf of the fluid. It is
therefore of interest to show that the results are not dependent of the
density ratio, so that one can perform simulations with ρs/ρf > 1. For
instance, [45] uses a density ratio equals to 10, while it is equal to 3.5
in [37].

In Figure 6 we demonstrate that the density ratio does not have
a significant impact on the results in the range 1.3 ≤ ρs/ρf ≤ 6, in
accordance with the results of [37] in which a derivative of Ladd’s
method is used, indicating that this phenomenon does not only occur
with IB methods. For this reason, our simulations were performed with
a density ratio equal to 2 in order to improve stability.
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apparent viscosity as a function of the volume fraction φ.
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3.2 Grid convergence of the model
Simulations have been performed for several values of ∆x in order to
study the evolution of the accuracy as the lattice spacing is refined. We
define the relative error as ε = |µr−µrefr |/µrefr . The reference solution
µrefr corresponds to the Krieger-Dougherty law. Figure 7 shows the
relative apparent viscosity and the mean relative error as a function
of ∆x, for two different configurations at high volume fraction. It is
found that the order of convergence is O(∆x). We also conclude that,
in order to achieve ε ≈ 5% for any particle concentration, one needs to
use a lattice spacing approximately ten times smaller than the particle
diameter.
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4 Conclusions
We presented a LB-IB model especially suited to investigate the rheol-
ogy of spherical and rigid particle suspensions flowing under magmatic
conditions (viscous, strongly coupled and hydrodynamic regime, as
said in the introduction). Particle-particle interactions are solved em-
ploying a contact-model only (no lubrication model is used), but yet
our results are in excellent agreement with Krieger-Dougherty law for
both dilute and dense particle suspension up to the critical random
packing fraction where particle chains are likely to form (φc ≈ 0.55 for
monodispersed rigid spheres).

There are two main contributions in this work. Firstly, we show
that a lubrication model is not necessarily required to achieve realistic
results for dense particle suspension rheology at Rep � 1. In a future
work, the exact reason for this result should be further investigated
through a detailed analysis of the interaction between the suspension
components, as it may bring an improved understanding of the collision
mechanisms in suspensions.

A second interesting observation we make concerns the insensitivity
of the results to the particle Reynolds number in the range 10−3 ≤
Rep ≤ 10−1 and to the solid-fluid density ratio in the range 1.3 ≤
ρs/ρf ≤ 6. The implication of this observation are multiple; indeed
numerical stability can be potentially improved by using larger density
ratios as long as particle’s buoyancy to be simulated is null, and higher
simulation performance can be reached employing a numerical particle
Reynolds number larger than the physical one and, fundamental to us,
still recover the correct rheological behavior of highly viscous crystal
bearing magmatic suspensions.

Future challenges for our work focus on better modeling particle
suspensions in magmatic environments. Our priority is to introduce
polydispersed cuboidal shaped particles with aspect ratios and size dis-
tributions similar to the one of igneous crystals. To model appropriate
size distributions and provide statistical meaningful results will require
a large computational domain and potentially a large number of par-
ticles (especially smaller ones). For this reason, particular attention
should be given to the parallelization efficiency of the implementation.

Finally, it is worth mentioning that the yield stress of the suspension
was not treated in this study, though it constitutes an important fea-
ture of suspensions in concentrated regimes. As noted by [17], instead
of applying a strain rate to the fluid by imposing velocity boundary
conditions, one should rather impose a shear stress at the boundaries
and observe the suspension velocity in order to discern the yield stress.
We plan to perform such an analysis in a more detailed study dedicated
to the rheology of magma-like suspensions.
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