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Abstract—Recently, there has been a growing interest in
learning distances directly from training data. While the
previous works focused mainly on adapting distance measures
over vectorial data, it is a well-known fact that many real-
world data could not be easily represented as fixed length
tuples of constants. In this paper we address this limitation
and propose a novel class of distance learning techniques
for learning problems in which instances are set of vectors;
examples of such problems include, among others, automatic
image annotation and graph classification. We investigate the
behavior of the adaptive set distances on a number of artificial
and real-world problems and demonstrate that they improve
over the standard set distances.
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I. INTRODUCTION

The k-Nearest Neighbor (kNN) algorithm is successfully
used to address classification problems and has proved its
utility in many real-world applications [4]. Most common
kNN classifiers represent training instances as vectors in the
Rp space where the Euclidean metric is used to measure
the dissimilarities between examples. This approach has the
advantages of simplicity and generality, however, it has two
main limitations. First, most of today’s machine learning
applications hardly fit within the typical propositional rep-
resentation and in such cases more general representations
(e.g. sets or graphs) should be used [23]. Second, the
Euclidean metric implies that the input space is isotropic
which is rarely valid in practical applications [29].

Since the Euclidean metric is not suitable to many real-
world problems encountered in machine learning, many
researchers have recently proposed various methods for
adjusting parameters of a distance measure directly from
the data, either in a fully supervised setting [9], [13], [14],
[18], [29] or using side information [16], [34]. All these
methods were developed for vectorial data and the distances
are usually restricted to the Mahalanobis metric family. 1

The above studies have established the general utility of
distance metric learning for kNN classification when the
training instances are represented as vectors. However, so
far only few works have addressed the problem of adapting

1The Mahalanobis metric between xi,xj ∈ Rp, parametrized by a ma-
trix A ∈ Rp×p , is defined as dA(xi,xj) = (xi−xj)

TATA(xi−xj).

a distance over objects which are not represented in a vec-
torial form (e.g. sets or graphs). In this context, researchers
investigated adaptive distances for restricted class of non
numerical objects that can not be easily represented in a
vectorial form; the relevant work has focused on learning
the family of edit distances over strings and graphs, labeled
with elements from a finite alphabet [2], [22], [25]. The other
approach that falls into this category is based on kernelizing
the existing methods which enables their use on complex
data as long as a valid kernel function over the learning
objects is defined. For example, the work from [27] extends
the RCA algorithm and the algorithm presented in [18] can
be seen as the extension of the Xing algorithm [34]. A
related approach which could be used to adapt distances over
complex objects is based on learning kernel combination,
e.g. [19]. This technique is more general than metric learning
since any valid kernel combination can be used to compute
a pseudo metric in the feature space.

The main problem with the above kernel-based methods
is that most of the valid kernels for complex objects,
due to the requirement of positive semi-definiteness, are
defined as cross product kernels between sets of objects’
decompositions, i.e. they are based on averaging [30]. This
might adversely affect the generalization of kNN since most
of the decompositions, and hence attributes in the induced
feature space, will be poorly correlated with the actual class
variable [20]. An example of such application is multiple-
instance learning where the task is to learn a concept given
positive and negative sets of instances [1], [8], where a set
is labeled negative if all the instances are negative, and is
labeled positive if at least one of the instances is positive.
For these applications the (adaptive) distances that are not
limited to averaging are expected to outperform (adaptive)
distances based on averaging [30].

In this work we propose a new class of methods that,
in the context of kNN, directly adapts a distance over
composite objects for a problem at hand. We will focus on
applications in which learning examples are naturally rep-
resented in the form of sets of vectors of possibly different
cardinalities, and the distances to be adapted are different
distances on sets. Even though this representation seem to
have a limited expressive power (i.e. sets can not be used
to easily model more complex structures), many researchers



have modeled general (labeled) graphs as decompositions
of graphs into sets of sub-graphs of specific types, e.g. [33].
The set distances we consider in this work belong to the
class of mapping based set distances that allow for flexible
ways of mapping the sets’ elements, in which it is not
necessary that all elements are accounted in the mapping;
this potentially gives rise to a more expressive class of
adaptive distances over complex objects.

We exploit ideas developed previously for adapting a
metric to a given task by learning it directly from vectorial
data and show how these methods can be used in the context
of sets of vectors. It should be stressed that in principle any
(semi-)supervised metric learning method can be adapted to
set distance learning, as long as in the objective function
the access to data is only through a distance function.
The learning phase of our method boils down to solving
a possibly non-differentiable optimization problem. We also
propose a smoothing technique of the non-differentiable cost
function so that it allows for application of standard gradient-
based method.

The paper is organized as follows. In Section II we for-
mally define a class of mapping based set distance measures
defined over sets of vectors. Next, in Section III we propose
a framework for learning set distances. Experimental results
on both artificial and real-world datasets are reported in
Section IV. Related work is discussed in Section V. Finally,
we conclude with Section VI where we address open issues.

II. DISTANCES ON SETS

We begin with a labeled set of n learning objects
{(X1, y1), (X2, y2), . . . , (Xn, yn)} = (X ,Y) where Xi ∈
2R

p

are sets (possibly with different cardinalities) that
consist of p-dimensional vectors. We assume that yi ∈
{1, 2, . . . , c}. Let also d be a distance metric defined over Rp

and F ⊆ Xi×Xj a specific mapping of the elements of the
one set to the elements of the other. F is often constrained
to belong into a specific family of mappings F , denoted
as F ∈ F ; possible constraints are that every element is
mapped to exactly one element, or to at most one element,
etc. The general form of set distance measures D between
Xi and Xj can be written as:

D(Xi, Xj) = A{d(F ) | F ∈ F} (1)

where d(F ) denotes a set of pairwise distances d applied
over the pairs of elements defined by F and A is an
aggregation function defined over the set of d(F ). Typical
aggregation functions include the possibly nested functions
min, max and average.2 Depending on the definition of
F and A, we can define within this framework several
set distance measures [10], [24]. Simple and well-known
examples include the Single Linkage (DSL) and Complete

2We note that the most ”inner” function in the definition of A is always
applied over 2R

p
.

Linkage (DCL) set distance measures, where the mapping
family F constraints F to map one element to exactly
one element and A are min and max, respectively. The
Average Linkage (DAL) set distance3 is obtained by allowing
everything to be mapped with everything (i.e. F = Xi×Xj)
and setting A to average. By defining F to allow mapping
of each element to all the other elements, and representing
A by a specific combinations of max, min and average
we obtain the Sum of Minimum Distances (DSMD) and the
Hausdorff metric (DH), both discussed e.g. in [10]. The
computational complexity of all the DSL, DCL, DAL, DSMD

and DH set distances is O(m2), where m is the cardinality
of sets. Finally, other more elaborate instantiations of D
include e.g. Surjections and Matchings which are obtained
by respectively limiting F to surjections and matchings, and
setting A to min [24]; these set distances have computation
complexity of O(m3) and were not considered in this study.

The reason why we focused on the above matching based
set distances is that they are not based on averaging as only
specific examples are taken into account. As a result, these
set distances are suited to the set classification problems
considered in Section IV where only specific instances
are important for classification and the proportion of these
important instances to the total number of instances in a
set might be low. Finally, we note that it is hard in general
to specify apriori which set distance is best suited for a
given learning problem; we tackled this problem in [32] by
adaptively combining a number of predefined set distances.

One potential problem with some of the above set dis-
tances is that they are not smooth; this is due to the
max and min functions that could appear in the definitions
of the functions A in (1). As we will see in the next
section this could be problematic for the task of adapting
these distances for a problem at hand. In this work we
examine a simple modification of the functions A so that
the resulting set distances become ”well-behaved”; more
precisely, we replace functions max and min with their
smooth alternatives. More formally, for two subsets A ⊆ Xi

and B ⊆ Xj , let D be a subset of set of all pairwise
distances, i.e. D = {d(xi, xj) | (xi, xj) ∈ A×B}. Then the
min(D) and max(D) functions, that return respectively the
minimum and maximum values of D, can be approximated
as:

softmin(D) =

∑
(xi,xj)∈A×B

{d(xi, xj)∗
exp(−d(xi, xj)/γ)∑

(xk,xl)∈A×B exp(−d(xk, xl)/γ)
}

and

softmax(D) =

3 It is important to note that DAL is equivalent to computing the standard
Euclidean distance over the mean (average) vectors computed for each set.



∑
(xi,xj)∈A×B

{d(xi, xj) ∗
exp(d(xi, xj)/δ)∑

(xk,xl)∈A×B exp(d(xk, xl)/δ)
}

where γ, δ ∈ R+. Note that as γ → 0 (δ → 0), the
behavior of the normalized exponential in softmin(D) (and
softmax(D)) tends to assign 1 for the smallest (largest)
distances, and 0 for all the other distances. In Section IV-B
we will give details on how these parameters were selected
in our experiments.

III. LEARNING DISTANCES ON SETS

As it is clear from the previous section the examined
distances on sets assume a given family of mappings F
between the elements of the sets together with an aggre-
gation function A, and use some optimization procedure
(sometimes a trivial one) to compute the distance between
sets. This assumption corresponds to a form of a learning
bias, and more precisely to the selection of a representation
bias, since it determines what, and how many, are the
”features” of the sets. Ideally, both F and A should be
chosen for a given problem in a manner that matches the
specific characteristics of the problem; however, in [32] we
have shown that this is difficult in practice. In this section
we will present the main contribution of this paper and show
how this representational bias can be relaxed by introducing
more flexible set distances.

We start by noting that the core of the problem lies in
representing both F and A in a structured way so that the
search for ”optimal” values of these two elements can be
performed efficiently. However, this has turned out to be
difficult since the possible parametrization of the problem is
not structured, rendering the learning process difficult as we
have to address issues such as orderings of the elements of
the sets and varying cardinalities. Instead, the idea presented
in this paper is based on the observation that for a given
F , the distance between any two sets is fully determined
by the set of pairwise distances, which are computed using
d. As a result, by changing d, or equivalently by changing
the representation of the elements of the sets, we expect
to acquire more adapted set distances as we can actually
adjust the input arguments of A and hence influence the
way the overall mapping-based set distance is computed. In
what follows, we restrict d to be the Mahalanobis metric
parametrized by a matrix A which we will denote by dA;
in this setting, the problem of learning dA, and hence the
mapping based set distances, is cast to the problem of finding
a suitable matrix A. The parametrization over A is com-
pletely structured, rendering the learning process efficient.
However, this comes at the cost of reduced flexibility since
we will have to be constrained within a fixed mapping
family F . As we will see in the experimental part, this
indeed brings an improvement over standard set distances.
A similar parametrization was explored in [7] and used to
find optimal matchings between the vertices of two graphs.

In the remainder of this work, we will denote the adaptive
set distances by DA.

We view the problem of finding a suitable matrix A as
an optimization problem where the three main constituents
are the definition of a cost function, FA, a set distance, DA,
and an optimization method. More precisely, we define the
problem of set distance learning as:

min
A
FA((X ,Y), DA) (2)

possibly subject to some constraints. Depending on the
actual form of the function FA and the set distance DA

in (2), and an optimization method, different instantiations
of the algorithm can be obtained. It should be mentioned
that it is sometimes advantageous to change (2) so that the
optimization is performed over L = ATA, however, this
procedure was not examined in this study.

The characteristics of FA and DA directly determine the
choice of the appropriate optimization method. When the
objective function in (2) is not differentiable (DSL, DCL,
DH and DSMD) we use a standard sub-gradient descent
algorithms to find its minimum [3]. In this procedure the
current k-iterate estimate of a solution A(k) is replaced by
A(k) − αkg

(k) (αk > 0 is the k-th step size and g(k)

is any sub-gradient of the cost function at A(k)); since
this is not a descent method, we keep track of the best
solutions obtained so far. We experimented with different
choices of αk; in this work we report the results only for
αk = 1/||g(k)||2. The above sub-gradient method, although
conceptually simple, might come at the price of harmed
computational performance. Finally, all the differentiable
optimization problems (i.e. for set distances that use the
softmax or softmin functions, and DAL) were solved using
a gradient-based procedure, where the Polack-Ribiere flavor
of conjugate gradients is used to compute search direc-
tions [3]; a line search using quadratic and cubic polynomial
approximations and the Wolfe-Powell stopping criteria is
used together with the slope ratio method for guessing initial
step sizes [6].

One possible problem with the optimization task of (2)
is that for full matrices A the number of parameters to
estimate is p2. This can be problematic when p is large
compared to the number of instances in the training set, and
can lead to overfitting. We explore two ways to overcome
this problem. In the first one we add a penalization term to
(2). We set this to λ‖A‖2F where ‖A‖F is the Frobenious
norm of A, and λ > 0 is a regularization parameter.
Alternatively, we restrict A to be diagonal resulting in a
weighted combination of features (this restriction is in fact
a simple form of regularization since it reduces the effective
number of parameters from p2 to p). It should be noted
that the regularization technique based on diagonal matrices,
although faster than the one based on full matrices, is also
less expressive since it does not account for interactions
between different attributes. However, as we will see in the



experimental part, for the datasets we experimented with it
achieves better performance than the method based on the
full matrices.

A. Cost Function

In this subsection we define one specific instantiation
of the above framework. More precisely, the cost function
FA from (2) we will focus on is motivated by the cost
function used in the Neighborhood Component Analysis
(NCA) method [14] that was originally developed for metric
learning over vectorial data. We should emphasize that in
principle any metric learning method can be adapted for set
distance learning, as long as in the objective function the
access to data is only through a distance function.

The NCA method attempts to directly optimize a continu-
ous version of the leave-one-out error of the kNN algorithm
on the training data. Its cost function is based on stochastic
neighbor assignments in the weighted feature space. These
are based on a conditional distribution which for an example
i selects another example j as its neighbor, with some
probability pA(j|i), and inherits its class label from the
point it selects. In the context of set distance measures, we
define the probability pA(j|i) as the softmin of the DA set
distances:

pA(j|i) = exp(−DA(Xi, Xj))∑
k 6=i exp(−DA(Xi, Xk))

, pA(i|i) = 0.

Under this stochastic selection rule the probability pA(i) of
correctly classifying Xi is given by∑

j∈Ci

pA(j|i)

where Ci = {j|yi = yj}. The optimization problem is
defined as:

min
A
FA =

∑
i

log(
∑
j∈Ci

pA(j|i)). (3)

The computational complexity of this method scales as
O(n2m2p).

The main advantage of NCA is that it makes no assump-
tions about the shape of the class conditional distributions,
i.e. whether they are uni- or multi-modal [14]. However,
its objective function is not convex and hence there is no
guarantee that a (sub-)gradient based method will converge
to a global optima. There are existing learning techniques,
such as Large Margin Nearest Neighbor (LMNN) [29], that
are convex for vectorial data; however, these are not anymore
convex when the DSL, DSMD and DH set distances are
used. This is a result of the fact that these set distances
are based on the min function which does not preserve
convexity4. We also experimented with the above algorithm
(results are not reported in this paper); however, in terms
of predictive performance there is an advantage of NCA. In

4On the other hand, LMNN is convex for DCL and DAL.

Section IV-B1, we will discuss the issue of non-convexity
of NCA in more details.

IV. EXPERIMENTS

We evaluated the performance of the proposed approach
on a number of artificial and real-world datasets where
learning objects are represented as sets of vectors. The
different instantiations of the set distance learning methods
are compared in the context of kNN; the main goal is to
examine whether we can increase the predictive performance
of kNN by learning set distances. We experiment with
two versions of the adaptive set distances, with full and
diagonal matrices A, which we will call Df

A and Dd
A,

respectively. We report results for both non-differentiable
distances and distances that were first smoothed by applying
the softmin and/or softmax functions. In Df

A we only report
the results for λ = 10 (we comment on the influence of λ
to the behavior of Df

A in Section IV-B1). We experimented
with different values of k (k = 1, 3, 10); as the relative
performance of the instantiations of kNN did not vary with
k, we report results only for k = 1. We estimate accuracy
using 10-fold cross-validation and control for the statistical
significance of observed differences using McNemar’s test
(sig. level of 0.05).

A. Artificial Datasets

The goal of these experiments is to investigate the im-
pact of attribute relevance on the relative performance of
standard and adaptive set distances, for artificially gener-
ated set classification problems. The artificial datasets are
composed of 100 randomly generated sets; each of which
has from 1 to 10 vectors, with 5 elements on average.
Each set is randomly assigned a binary label. The sets’
elements are 100-dimensional vectors where each dimension
is sampled from a uni-variate Gaussian distribution (with 0
mean and a standard deviation of 1), except for the first l
(l = 1, . . . , 100) dimensions which are sampled from a uni-
variate Gaussian distribution, with a standard deviation of
1 and with a mean of µ (for sets with a positive label) or
−µ (for negative sets); we varied the µ parameter from 0
to 1, with a step of 0.1. The intuition behind this generative
process is that attributes sampled from Gaussians with non-
zero mean contain discriminatory information. The larger
the magnitude of µ the more discriminatory is an attribute;
moreover, the more discriminatory attributes a given dataset
has, the easier is the corresponding classification problem.

In Figure 1 we graphically present the experimental
results. In each plot the x-axis corresponds to the µ value of
the uni-variate Gaussian distribution (µ = 0, 0.1, . . . , 1), and
the y-axis corresponds to the number of attributes which are
sampled from a Gaussian distribution with µ (or −µ) mean.
The cells of the two first plots represent the mean accuracies
of the standard and the adaptive kNN algorithms averaged
over the same randomly generated datasets (the lighter the
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(b) adaptive set distances
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Figure 1. Experimental results on the artificial datasets (for DSL).

Table I
SIMPLE STATISTICS ON THE EXAMINED REAL-WORLD DATASETS. n, m,

p AND c DENOTE RESPECTIVELY THE NUMBER OF TRAINING
INSTANCES, MEAN SET CARDINALITY, DIMENSIONALITY OF VECTORS

AND THE NUMBER OF CLASSES.

Datasets n m p c
musk1 92 5.17 167 2
musk2 102 64.69 167 2
muta 188 27.89 101 2
fm 349 25.62 51 2
mm 336 25.40 51 2
tiger 200 6.1 230 2
fox 200 6.95 230 2
elephant 200 6.6 230 2

color the higher the accuracy). The cells of the third plot
give the number of times that the accuracy of the adaptive
kNN was significantly better than that of the standard kNN
according to a McNemar test of statistical significance with
significance level of 0.05; since for each configuration we
repeat the experiments 10 times the maximum possible value
of a cell is 10. In this experiment we report results for Dd

A

adaptive distances (Df
A has a similar behavior) and for DSL

(similar trend holds for the other set distances); we focus
here only on the non-smooth set distances.

As expected, by looking at plots (a) and (b), we observe
that in general the predictive accuracy depends on: (i) the
value of µ (the higher in magnitude the value, the better)
and (ii) the number of discriminatory attributes (the more
discriminatory attributes, the better). Moreover, in plot (c)
we can see that the biggest advantage of the set distance
learning is in cases where the attributes that discriminate
well are few and are drown within many irrelevant attributes
(the values in the upper-right corner of plot (c) are close to
10). The above results clearly suggest that the set distance
learning methods are effective for the artificial problems we
examined.

B. Real-World Datasets

The empirical results reported here are from two main
domains: chemoinformatics and automatic image annotation.
In the first group we experimented with musk, mutagenesis
and carcinogenicity datasets. The musk dataset [8] is a stan-
dard multi-instance benchmark dataset. We experimented
with both version 1 and version 2 of this dataset. We also
experimented with the “regression friendly” version of the
Mutagenesis dataset [26], and represent each molecule as a
set of bonds together with the two adjacent atoms. The next
classification problem comes from the Predictive Toxicology
Challenge and is defined over carcinogenicity properties of
chemical compounds [15]. This dataset lists the bioassays
of 417 chemical compounds for four type of rodents; the
actual representation of training instances is the same as
in mutagenesis. We present results only for the fm and mm
versions of the problem. We transformed the original dataset
(with eight classes) into a binary problem as in [20]. Finally,
for automatic image annotation we experimented with three
datasets where the goal is to detect specific kinds of animals
in images. Images are represented as sets of segments (or
blobs); each segment is characterized by color, texture and
shape [1], [12]. We experimented with the tiger, elephant and
fox datasets. All the above datasets were first preprocessed
by (i) normalizing the numeric attributes, and (ii) converting
nominal attributes into binary numeric attributes. Simple
statistics on the above datasets are given in Table I.

Experiments on these datasets have 3 goals. First, we
study the ability of the set distance learning techniques
to improve the predictive performance of kNN (for non-
smooth distances). Second, we analyze the issue of non-
convexity (for non-smooth distances). Finally, we examine
the impact of the smoothing of set distances to the predictive
performance.

It is important to note that in this paper, except for state-
of-the-art results, we do not to report results on kernel
functions applied on structured data such as sets or graphs,
even though the limited expressive power of such kernels



Table II
ACCURACY AND SIGNIFICANCE TEST RESULTS OF KNN (WITH STANDARD AND ADAPTIVE SET DISTANCES) IN THE BENCHMARK DATASETS. THE ”+”
SIGN NEXT TO PERFORMANCE OF NCA STANDS FOR A SIGNIFICANT WIN OF THIS METHOD V.S. STANDARD KNN, ”-” FOR A SIGNIFICANT LOSS, AND

A MISSING SIGN FOR NO SIGNIFICANT DIFFERENCE.

set distance method musk1 musk2 muta fm mm tiger fox elephant

DAL
D 76.4 71.0 57.6 58.6 63.0 72.0 52.0 76.0
Df

A 75.9 71.5 58.2 50.1- 53.5- 74.0 56.5 79.5
Dd

A 78.0 76.5 68.4+ 40.4- 48.1- 78.5+ 59.5+ 77.0

DSL
D 81.1 77.2 42.2 41.6 39.3 76.0 56.5 71.5
Df

A 78.4 69.5 41.6 41.6 39.3 73.5 57.5 72.5
Dd

A 82.4 68.5- 42.8 41.6 39.3 79.0 61.5+ 72.5

DCL
D 67.5 71.5 39.4 43.2 40.9 67.5 54.5 64.5
Df

A 71.7 65.5 56.3+ 47.3 46.6+ 68.5 47.0 55.5
Dd

A 77.3+ 79.5+ 58.2+ 52.1+ 58.1+ 72.5 51.5 74.0+

DH
D 81.3 78.0 75.5 46.8 48.3 74.0 51.5 74.5
Df

A 83.5 73.3 77.5 57.5+ 57.2+ 74.0 55.5 65.5
Dd

A 78.8 77.2 80.6+ 57.2+ 53.8+ 76.5 65.5+ 75.5

DSMD
D 83.3 75.2 79.4 56.6 58.2 77.5 60.0 79.5
Df

A 77.1 73.3 81.4+ 58.5 58.3 76.0 59.0 77.5
Dd

A 81.3 73.3 80.5 56.6 58.7 85.0+ 62.0 85.5+

was on the first place the reason why we decided to
work directly with the more flexible set distances. This is
motivated by the fact that kernels are most commonly used
in the context of large margin classifiers like SVM and hence
the results will not be directly comparable with that obtained
from kNN (SVM and kNN have different inductive biases).
We mention that kernels can be in principle converted to
distances and then used in the context of kNN. However,
the results on kernel based distances are not reported in this
work since the set distance that are induced from the cross
product kernel with a linear elementary kernel5 have exactly
the same semantics as DAL; we also experimentally verified
that they have very similar performance. The same argument
also holds for other existing set kernels that are based on
averaging.

1) Results and Analysis:
Adaptive Set Distance vs. Standard Set Distances.:

The results (with the significance test results) of comparison
between Df

A, Dd
A and standard set distances D are presented

in Table II. From these results we conclude that in terms
of predictive performance, Dd

A has an advantage over the
standard set distances. Except for DAL in the mm and fm
datasets, Dd

A is never significantly worse and sometimes
it is significantly better than standard set distances. Its
biggest advantage is for DCL, DH and DSMD, and in
graph classification and automatic image annotation datasets.
Overall it is significantly better (worse) that standard kNN
in 16 (2) cases. On the other hand, Df

A (with λ = 10)
does not fare so well. To explain the worse performance of
Df

A, we conducted experiments for different values of the
regularization parameter λ (these results are not reported

5A non-linear kernel may further influence the results by accounting for
feature interactions.

in this paper). The main observation was that in general
λ had an impact on the classification performance; more
precisely, we observed that by increasing λ we also increase
the predictive performance. This suggests that Df

A might be
prone to overfitting, whereas by limiting the number of free
parameters to p, as it is the case of Dd

A, overtraining is
avoided. Df

A is significantly better (worse) than standard
kNN in 5 (2) cases.

The next observation is that, with the exception of car-
cinogenicity datasets, the set distances that are not based
on averaging outperform DAL (although the appropriate
mapping depends on the application and ideally should
be guided by domain knowledge). As already noted in
Section II (Footnote 3), DAL is equivalent to computing the
standard Euclidean distance over the mean vector computed
for each set. As a result, we conclude that in order to learn
distance over composite objects such as sets it is necessary
to exploit the internal structure of these objects; by simply
aggregating elements of the sets (e.g. by using the average
function) the information that could be exploited by our
set distance learning technique is simply lost. Finally, as
discussed in Section IV-B DAL has the same semantics as
most of the existing set kernels that are based on averaging.
Hence, the set distances other than DAL are more appropriate
for the examined problems than set kernel such as the cross
product kernel.

To situate the performance of our method we provide
in Table III the best results reported in the literature on
the same benchmark datasets.6 The best results for musk1,
musk2, muta, fm and mm are taken from [30]. The results
in tiger and fox are from [12]; the best result in elephant

6For graph datasets we only cite works which use similar features to
describe atoms and bonds. In particular, our results in fm and mm not
directly comparable with the ones reported in [11].



Table III
COMPARISON WITH STATE-OF-THE ART RESULTS.

musk1 musk2 muta fm mm tiger fox elephant
Best results from literature 94.7 92.2 92.0 65.0 68.0 86.0 65.0 83.5
Best adaptive set distance 83.5 79.5 81.4 58.5 58.7 85.0 65.5 85.5

was reported in [5], [12]. It is important to note that
all these state-of-the-art algorithms are in fact multiple-
instance approaches, namely SVM-based multiple-instance
approaches using a specialized kernel applied to either to
set or graph based data. The values in the ”Best adaptive set
distance” row correspond to the best set adaptive distance
for each dataset, selected over all the examined mappings.
It is obvious that the latter results are optimistically biased
since they are selected after extensive experimentation with
various set distance measures. However, the same could be
argued for the results of all the other related kernels given
in Table III since in all the cases multiple results where
available and we reported on the best. From the results
is it clear that the performances of our adaptive distances
in musk1, musk2, muta, fm and mm are lower than that
of state-of-the-art methods for the respective datasets7; for
automatic image annotation the obtained results are similar
to the best results from the literature.

Finally, we note that the running times of learning the
diagonal distance over full datasets varied from several
seconds (in musk1) to approximately 10 minutes (FM)
whereas the corresponding running times of learning the
full distances varied from several minutes (in musk, muta,
fm and mm) to approximately 1 hour (automatic image
annotation); these running times are not reported in Ta-
ble II. Based on these running times and the predictive
performances we believe that the proposed methods based
on diagonal matrices are better choice than the ones based
on full matrices, and are worth their cost.

Non-convexity of the Optimization Problem.: As al-
ready mentioned, the optimization problem of NCA is not
convex and hence some care should be taken to avoid local
optima during training. To get additional insight into this
problem, we visualized in Fig. 2 the results of the NCA
optimization process in the tiger and musk1 datasets and
for the DH and DCL non-smooth set distances. In each of
the graphs, the x-axis corresponds to the individual features
of sets’ vectors. The y-axis is separated into ten rows,
each one corresponding to one of the cross-validation folds.
Within each row, we find 20 rows (not visibly separated)
corresponding to 20 solutions of the optimization processes
with randomly generated initial solutions A. Additionally,
for each model we report on the right side the accuracy

7We hypothesize that in these datasets the poor performance is due to
the non-appropriateness of the inductive bias of kNN for these datasets.
The other possible explanation for the poor performance of set distances
in musk is given in [28].

computed for the current data split and the initial A. By
examining the variability within a given data split, we
are able to get an insight into the ”ruggedness” of the
corresponding objective function FA, and the impact of
the solutions to the accuracy; a convex FA would result
in only vertical lines (corresponding to individual features)
within the different data splits. Additionally, by analysing
the variability between different splits, we get an insight
into the stability of the method with respect to the training
data; a perfectly stable method, where FA is convex, would
have only vertical lines everywhere.

In Fig. 2 we can see that indeed the set distance learning
methods can produce different models, indicating that the
corresponding cost function of NCA has many different
local optimas. To quantify this diversity, we computed the
average (normalized) Euclidean distances between all the
pairs of weight vectors within each data split, averaged
over the splits. Surprisingly, we observe that the models
produced in a given dataset split are similar; for DH the mean
Euclidean distances are 0.055 in tiger and 0.076 in musk1,
and for DCL the corresponding values are 0.055 (in tiger)
and 0.062 (in musk1). This suggests that even though NCA
is a non-convex procedure that produces different models,
these models are rather similar. Nevertheless, the produced
models give rise to different predictive performances as
measured by standard deviations of accuracies computed on
each fold, averaged over the number of folds. According to
this measure NCA produces more stable predictions in tiger
(averaged standard deviation is 5.6 and 9.3 for DCL and
DH, respectively) than in musk1 (10.0 and 10.7 for DCL

and DH).

Soft Versions of the Set Distances.: Finally, we exper-
imented with the soft versions of the standard set distances.
As the soft set distances are based on the softmin and
softmax functions defined in Section II, which approximate
respectively the min and max functions, we first assessed
how good are these approximations. More precisely, we
examined the relative performance of the standard and
soft set distances, together with their prediction agreement
(measured as a fraction of times kNN produce the same
prediction). The key problem in applying the smooth set
distances is to select the values of the parameters γ and
δ; the ”correct” values of these parameters depend on the
magnitude of the elements dA(xi, xj) in D. After some
preliminary experiments, the γ and δ parameters were set
to p ·0.1 and p ·0.001, where p is the length of vectors. The
results only for DCL and DSMD (due to the lack of space) are
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Figure 2. Stability of NCAdiag in tiger and musk1. The ploted weights in each of the row are the normalized (by the Frobenius norm) diagonals of
ATA.
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Figure 3. Accuracy of standard vs. soft set distances (DSMD and DCL). The dashed lines show the agreement (in percentage) of predictions between
these two versions of set distances.

visualized in Figure 3, where bars and dashed lines denote
the performance of the two set distances and the agreement
of predictions, respectively. From the plot we can see that
even though the relative performances are very similar (with
the exception of DSMD for mutagenesis which is the only
case where the difference between performances is statisti-
cally significant), the agreement of predictions depends on
the dataset, being the highest for musk and automatic image
annotation datasets. For the graph classification datasets the
two version of set distance produce different predictions,
indicating that in this case our smooth approximation is
questionable.

In Table IV we report the performances of the soft
distances Df

A (due to the lack of space only for DCL and
DSMD). In all the cases these performances are similar to the
ones of standard set distances (the performances are not sta-
tistically significant). Surprisingly, it also holds in the graph
classification datasets, for which, as we saw in Figure 3,
the soft and standard set distances produced very different
predictions. After some analysis of the soft distances, we
conjecture that the reason of why the smoothed distanced
did not perform well is that it is hard to set the smoothing
parameters that would be meaningful for all sets. More
precisely, the magnitude of pairwise Mahalanobis distances
between all elements of any two sets will be very different
depending of the sets; for some sets softmin (softmax) will
be able to ”identify” the minimum (maximum) distances,
whereas for other sets these functions will be ”too smooth”.

Table IV
ACCURACY OF TWO ADAPTIVE SOFT SET DISTANCES.

musk1 musk2 muta fm mm tiger fox elephant
DSMD 78.8 76.5 80.6 58.6 58.1 83.0 63.0 84.5
DCL 77.3 77.2 58.2 52.1 58.1 71.0 52.5 75.5

To summarize, as the soft set distances give rise to a
much more complicated algorithm (i.e. the gradient gets
more complicated to derive) and it is difficult to select
”good” values of parameters γ and δ, it is clear that it is
more advantageous to work directly with non-differentiable
optimization problems.

V. RELATED WORK

The most relevant work which was independently de-
veloped by R. Jin et al. [17] focuses on the problem of
learning a distance metric from multiple-instance multiple-
label data where each example is represented by a set
of vectors and is labeled by multiple labels. The cost
function used in [17] combine the idea of Rayleigh ratio and
clustering to minimize the distance between each set and its
assigned classes and maximize the distance between classes
(each class is represented as a collection of its potential
centroids). The authors exploit DSL to measure the distance
between pairs of sets. We mention that the setup where each
set can be assigned to multiple classes simultaneously is
more challenging than the one considered here. However,
to render the optimization task more tractable the authors



employed a rather simple cost function (the LDA algorithm
that is also based on the Rayleigh ratio, was reported a
poor performance in comparison with more involved metric
learning techniques [14]) and limited themselves to DSL

that, as we saw in Section IV-B, was generally outperformed
by other set distance measures. Notwithstanding the above
simplifications, to solve the optimization problem the au-
thors proposed a rather involved procedure that is based
on alternating optimization over several groups of variables
where each step requires solving a difficult and non-convex
optimization problem.

Another line of relevant research focuses on learn-
ing (stochastic) edit distances between strings [22], [25],
trees [2] and graphs [21].8 More precisely, most of the
approaches that fall into this category estimate the costs
of basic operations between elements of a finite alphabet
(including an empty symbol), and consider probabilities that
one object is transformed into another (the class of such
transformations can be seen as a restricted mapping family
F). Most of these methods aim to optimize likelihood of
predefined pairs of objects that should be similar under
the new edit distance; variants of the EM algorithm are
subsequently used to find (locally) optimal elementary costs.
The main difference between these approaches and the
method proposed in this paper is that the former algorithms
assume that the elements of strings (or nodes in trees
and graphs) come from a finite alphabet, and hence the
number of parameters to estimate is finite. On the other
hand, we assume that the set elements are vectors in an
Euclidean space which makes it more difficult to represent
the learning problem in a structured way that is amenable to
efficient optimization techniques. As a result, we transform
the difficult problem of directly learning the mapping F (and
an aggregation function A), to the easier problem of learning
the representation of elements of the sets.

In [32] we developed a framework for adaptively com-
bining (complex) distance measures. While both the present
work and [32] deal with learning distances for complex
objects, their formulations and expressiveness are different.
In [32] we learn optimal combinations of different distances
applied on composite objects, e.g. combinations of different
set distances; there the learned parameters correspond to the
importance of different distances. In the present work we
stay within a specific type of set distance each time and
optimize it by learning the way the elements of the sets are
matched. We achieve this by weighting the attributes of the
vectors that constitute sets. The difference in expressiveness
between these two approaches could be easily demonstrated
on the artificial datasets from Section IV-A; on these prob-
lems our approach from [32] will fail, since it will not
be able to down-weight the irrelevant attributes. With this

8Edit distance between two objects is defined as minimum cost insertion,
deletion and substitution operations required to transform one object into
another.

respect the approach presented in this paper significantly
differs from [32] as it allows to tackle the set classification
problems where the attributes of vectors that constitute sets
are not equally important.

Finally, in [31] we proposed a class of kernels over sets
which directly exploit the set distance measures such that
the computation is based only on specific pairs of elements.
This allows for incorporating various semantics into set
kernels and lending the power of regularization to learning
in structural domains where natural distance functions exist.
These kernels we used in the context of SVM. The main
difference from [31] and the work reported in this paper is
that in the former study we did not learn the importance of
individual attributes of the vectors. Other works that apply
kernels or distances for set classification problems include
e.g. [28].

VI. CONCLUSIONS AND FUTURE WORK

In this paper we presented a framework that, in the context
of kNN, allows to learn distances over complex objects.
We focused on applications in which learning examples
are represented as sets of vectors, and the distances to
be learned are different distances on sets; sets of vectors
are expressive data types, and allow for modeling of more
complex objects such as labeled graphs. We defined the set
distance learning problem as a (possibly non-differentiable)
optimization task. We demonstrated the effectiveness of our
framework on a number of artificial and real-world problems
where the learning instances are represented as sets and
graphs. From the experimental evidence we observed that:
(i) in almost all the datasets there exist a mapping function
with better predictive performance than that averaging-based
set distances, (ii) adaptive distances Dd

A usually outperform
standard distances (if we know the ”right” mapping family),
(iii) adaptive distances Df

A do not fare so well, (iv) some
care should be taken to avoid local optimal during training,
and finally (v) the smoothing operation does not work well
in practice.

The future research direction is to examine other ways
to learn set distances from (1). More precisely, we plan to
directly learn F and A from (1). As already mentioned, this
has turned out to be more difficult; the main challenge here
to represent these elements in a structured way, so that the
resulting optimization task could be performed efficiently.
We believe that learning F and A is a very promising
research direction with many potential applications. The
presented work is a first step in this direction.
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