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Cellular automata (CA) and lattice Boltzmann LB approaches are

computational methods that o�er 
exibility, e�ciency and outstanding

amenability to parallelism when modeling complex phenomena. In this

paper, the CA and LB approach are combined in the same model, in or-

der to describe a system where point-particles are transported in a 
uid


ow. This model is used to simulate the snow transport, erosion and de-

position by the wind.

1 Introduction

Cellular automata (CA) are an idealization of a physical system in which

space, time and the physical quantities (or state of the automaton) take only

a �nite set of values. Since they have been invented by von Neumann in the

late 1940s, CAs has been applied to a large range of scienti�c problems [1{4].

A very important feature of CAs is that they provide simplemodels of complex

systems. They exemplify the fact that a collective behavior can emerge from

the sum of many simple components. Even if the basic and local interactions

are perfectly known, it is possible that the global behavior of a system obeys
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new laws that are not obviously extrapolated from the microscopic proper-

ties. This fact makes cellular automata very interesting candidates to model

physical processes and, in particular, to simulate complex and nonequilibrium

systems.

Many phenomena in science can be studied at di�erent levels of description [5].

For instance, at a microscopic level, a 
uid can be viewed as a large collection

of particles interacting in a complicate way whereas, at a macroscopic level,

the same 
uid is described by its local density �(r) and local velocity �eld

u(r). Of course, the macroscopic level is linked to the microscopic one by

some coarse graining procedure and the explicit link can be worked out using

concepts of statistical physics. The interesting point is that, in general, the

macroscopic behavior depends very little on the microscopic details of the

interactions and the most relevant features that remain after coarse graining

are the conservation laws and basic symmetries of the interactions.

Using these symmetries and conservations, it is possible to devise a microscopic

universe, made of �ctitious components, easily programmed on a computer

and which has the same macroscopic behavior as the real system [6]. In this

way, a CA model is a fully discrete molecular dynamics where only simple

(but essential) interactions are considered among �ctitious particles moving

on a regular lattice. Figure 1 illustrates this approach in the case of the �rst

known realistic CA 
uid, the so-called FHP model [7]. The �rst image shows a

con�guration of incoming particles at time t. The arrows indicate the direction

of motion of each particle before it collides with the other particles entering the

same site. All particles have the same velocity modulus but they may travel in

di�erent directions, as allowed by the topology of the lattice. The second image

of �gure 1 gives the new velocity distribution after collision. Note that mass

and momentum are conserved during this step, which is the crucial ingredient

of a real interaction. According to their new velocity direction, the particles

jump to a neighbor site, and the new the particle con�guration at time t+� is

shown in the last image of �gure 1. The �gure also illustrates how boundary

conditions are easily implemented. The particles simply bounce back on a solid

wall, in order to reproduce a no-slip (or viscous) boundary condition.

The LB approach [8] follows the same idea but describes this �ctitious universe

in terms of the probabilities of presence of the particles. Also, in the LB for-

malism, one replaces the explicit interaction between particles by a relaxation

towards an ideal local equilibrium distribution (which represents the average

output of an actual collision). LB models are numerically much more e�cient

than their CA counterparts. On the other hand, they may be numerically un-

stable and do not take into account the correlations that may be crucial in

some problems [9,10]. The CA models are intrinsically stable and give a full

description of a N-body dynamics, but they are statistically very noisy. The

best choice between CA or LB depends on the application under study. Here
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lattice edge solid sitefluid particle

Fig. 1. Evolution of CA 
uid particles on a hexagonal lattice (according to the FHP

rules).

we shall mix the two approaches in order to model particles transport in a


uid 
ow.

The CA and LB methods should be viewed as an alternative to the classical

techniques based on solving partial di�erential equations (PDE). PDEs have

been, for a long time, the only and most tractable way to describe dynamical

and spatially extended systems. As more di�cult problems are considered,

PDE may be less adequate and cannot always be formulated when complicated

dynamics, involving thresholds or discontinuities, are studied. They may even

fail to give to right answer to apparently simple problems [9]. Finally, the

sophisticated numerical schemes used to solve PDE often screen out the nature

of the process under study and prevent their generalization to new phenomena.

In this paper we consider the complex problem of simulating the formation

of snow accumilations resulting form the erosion and transport by wind. Note

that a similar approach can be devised to describe the formation of sand dunes.

Our approach is based on the CA and LB methods and contrasts with other

attempts to solve this problem by a PDE description [11]. A major di�culty

when dealing with PDEs (the Navier-Stokes equation, in our case) is to account

for the snow-wind binary mixture, one component being granular and the

other a continuous media. In addition, boundary conditions are dynamically

changing since, as the snow deposits grow, the wind pattern has to follow a

new ground pro�le.

Phenomenologically, snow transport (i.e. erosion and deposition) has been

divided in three main processes, each corresponding to a di�erent scale [12]:

(i) Creeping: describing the particles \rolling" on the snow surface or making

very little jumps; (ii)Saltation: describing the snow particles ejected vertically

and following a ballistic trajectory, in the �rst half meter above the surface [13];

(iii) Suspension: accounting for transport over larger scales (often seen as white

smoke over mountains crests).
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In our approach, these processes need not be explicitly de�ned. They naturally

follow from the basic erosion, transport and deposition rules we shall de�ned

at a microscopic level. Therefore, we end up with a much simpler and uni�ed

description of the phenomena, free of many of the technical complications

encountered in the PDE approach and giving very promising results when the

simulations are compared with real snow deposits.

This paper is organized as follows. Section 2 describes the LB technique used

to model a 
uid 
ow. Section 3 explains the rules we propose for adding snow

particles on top of a LB 
uid. Section 4 presents the results of the simulations

and, �nally, section 5 discusses some programming and performance issues for

a parallel implementation of our application.

2 Lattice Boltzmann 
uids

In a LB model, the physical quantities of interest are described in terms of

�elds f

i

(r; t) de�ned for each point r of a lattice and each discrete time step

t = n� . The index i labels the lattice directions (for instance, in a 2D square

lattice, i runs from 1 to 8 and labels directions E, NE, N, NW, W, SW, S and

SE, respectively).

In a hydrodynamical application, f

i

(r; t) represents the average number of


uid particles entering site r at time t with velocity v

i

. The velocities v

i

corresponds to a motion along lattice direction i so that, in one time step � ,

one lattice spacing � is traveled. A direction i = 0, characterized by v

0

= 0

can be introduced, in order to describe a population f

0

of rest particles.

Macroscopic quantities like the density � or the momentum �u can be de�ned

using the standard procedure of statistical mechanics, namely

� =

X

i

f

i

�u =

X

i

f

i

v

i

A Boltzmann equation [14] is a balance equation which describes how the pop-

ulations f

i

are re-distributed after an interaction. A general lattice Boltzmann

equation reads

f

i

(r+ �v

i

; t+ � )� f

i

(r; t) = 


i

(f)

where 
(f) is called the collision term. It is usually a nonlinear function of

the f

i

(r; t)'s.

When the dynamics is based on speci�c \microscopic" interactions (as is the
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case with FHP or other lattice gas automaton models [15]), an explicit expres-

sion for 
 can be obtained. However, the collision term can also be expressed

in a more abstract way: in the so-called lattice BGK models[16], the dynam-

ics of the functions f

i

is governed by a LB equation where the interaction is

simply given by a relaxation term

f

i

(r+ �v

i

; t+ � )� f

i

(r; t) =

1

�

h

f

(0)

i

(r; t)� f

i

(r; t)

i

(1)

where f

(0)

i

(r; t) is the so-called local equilibrium distribution and � the re-

laxation time. The function f

(0)

i

is the key ingredient of a LB model since it

actually contains the properties of the physical process which is studied: this

is the distribution to which the dynamics spontaneously relaxes and which is,

therefore, intimately related to the nature of the system.

Hydrodynamicmodels assume a local equilibriumwhich is polynomial (quadratic

in the local velocity �eld and linear in the local density of particles)

f

(0)

i

= a�+

b

v

2

�v

i

� u+ �e

u

2

v

2

+ �

h

v

4

v

i�

v

i�

u

�

u

�

This form is a discrete, truncated version of the Maxwellian distribution used

in statistical physics. The coe�cient of each term is adjusted so that mass and

momentum are conserved and the Navier-Stokes equation reproduced [8,4].

The relaxation time � in eq. 1 is related to the 
uid viscosity � as � =

c

2

s

(� � 1=2), where c

2

s

is the sound speed whose value is model dependent

(di�erent in hexagonal, square or cubic lattices [8]). Figure 2 illustrates the

behavior of the LB 
uid in a simulation of a 
ow past a plate, leading to a

von Karman street pattern.

High Reynolds 
ows can be achieved if the viscosity is small enough, i.e.

when � � 1=2. Unfortunately, numerical instabilities appears when � de-

creases too much. To solve this problem, a subgrid technique has been pro-

posed [17] in lattice BGK models, which consists of adjusting dynamically

and locally the relaxation time � according to the local velocity gradients

� = �

0

+C [@

�

u

�

+ @

�

u

�

]

2

, where C is the so-called Smagorinski constant and

�

0

= 1=2 the equilibrium relaxation time. The indices � and � label spatial

coordinates and summation over repeated indices is assumed. Having an e�ec-

tive relaxation time (and thus an e�ective viscosity) allows one to extrapolate

unresolved scales and simulate high Reynolds number 
ows (up to 10

6

)[17].

In this study we are interested in producing a turbulent 
ow in a semi-in�nite

space. The boundary at z = 0 is the ground level and the system has, in

principle, no limit in the positive z direction (in practice, of course, we have
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Fig. 2. Non-stationary 
ow past a plate obtained from the 2-D lattice Boltzmann

model. System size is 512 � 128, � = 1: and the 
uid entry speed is u

1

= 0:025.

From left to right and top to bottom, the �gure shows the di�erent stage of evolution.

to de�ne a boundary which reproduces an open system). The wind blows

parallel to the ground direction (the x-axis) and wind particles are accelerated

rightward on the left boundary. The average wind speed pro�le in such a

turbulent 
ow is described by the relation [18] u

x

(z) = u

�

log(z=z

0

) up to some

height z

max

where it reaches the unperturbed wind speed u

1

. The quantity z

0

is dependent of the ground roughness, while u

�

depends on the viscosity and

u

1

.

The e�ect of the Smagorinski constant C is to adjust the resolution scale of

the 
ow. A small C is appropriate to describe small developed eddies. Thus, in

order to produce the correct velocity pro�le, which requires a �ner resolution

near the ground, we propose to make C depend on the height. It decreases

linearly from a value C

1

to 0 as the ground level is approached. This technique

should be viewed as a way to de�ne the proper boundary condition (change of

the relaxation time due to an obstacle), ensuring a log pro�le for the velocity

�eld u. The distance over which C varies has been determined to be four

lattice spacings in the simulations presented in section 4.

3 The snow model

Snow transport is obtained by adding a probabilistic CA model on top of

the LB wind model. This CA model will give the rule of motion of point-like

particles representing the snow 
akes. As opposed to standard CA rules, we

shall not impose here a \exclusion principle" limiting the number of particles

on each site.

We de�ne N

i

(r; t) 2 f0; 1; 2; :::;1g as the number of snow particles entering
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r+ �v

1

r

r + �

s

w
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s

v

2

r+ �v

3

�

s

u

fall

�

s

u

Fig. 3. Transport, on the lattice, of particles in suspension in a 
uid. A particle at

site r jump to east with probability p

1

(1 � p

3

), to north-east with p

1

p

3

, to north

with p

3

(1� p

1

) and stay at rest with probability (1� p

1

)(1� p

3

); (see text).

site r at time t with velocity v

i

. Snow particles can be injected in the simulation

(snowfall) or eroded from the ground, deposited and transported according to

the combined e�ect of gravity and local wind velocity. The rules we consider

are:

Transport: an arbitrary number of snow grains may reside at each lattice

site. During the updating step, they synchronously move to the nearest neigh-

bor sites. Between times t and t+�

s

, particles at site r should move to r+�

s

w,

where �

s

is the time step associated to solid particle motion, w = u + u

fall

,

with u the local wind speed and u

fall

the falling speed (accounting for grav-

ity). Usually, r + �

s

w does not correspond to a lattice node (see �g. 3), and

the amount of grains that reach each neighbor is computed according to the

following randomized algorithm, which ensures that the average motion is

correct. One computes p

i

= max(0; (�

s

=� )(v

i

� w)=jv

i

j

2

), for i = 1; 3; 5; 7 (if

p

i

> 0, then p

i+4

= 0, since v

i

= �v

i+4

). For e�ciency, we choose �

s

� � , but

small enough so that p

i

is always less than 1. Then, each particle ` jumps to

site r + �

`

1

v

1

+ �

`

3

v

3

+ �

`

5

v

5

+ �

`

7

v

7

, where �

`

i

is a Boolean quantity which is

1 with probability p

i

. If N =

P

N

i

is large enough, this binomial scattering

can be approximated by a Gaussian distribution [19]. Note that in this algo-

rithm, there is no attempt to include speci�c rules for creeping, saltation or

suspension.

Deposition: lattice sites can be either free (air) or solid (original landscape

or deposited snow). Snow particles on a free site may \freeze" if the neighbor

site i they want to jump to is a solid site: N

frozen

! N

frozen

+ N

i

, N

i

! 0.

When N

frozen

exceed some pre-assigned threshold N

s

, the site becomes solid

and subsequent incoming wind particle will bounce back (hence de�ning a

new ground pro�le). This threshold gives a way to assign some size to the

snow 
akes. When a site solidi�es the wind particles that may be present get

trapped until erosion frees them again.

Erosion: deposited particles may be eroded under some conditions. For snow,

the erosion rate seems to be related to the wind speed above the solid site [20],

the concentration of snow being transported, the saturation concentration and

the e�ciency of the transport [12]. In our model, we express these mechanisms

7



-10 -5 0 5 10 15
(unit in fence height)

-10 -5 0 5 10 15

Fig. 4. Snow deposits around a fence without or with a ground clearance. Particles

are introduced from the left, and the �gures show the steady state of the system.

In theses simulations, the lattice spacing is 0:2m.

in a very simple way: erosion means that each frozen snow particle is ejected

upwards (N

3

! N

3

+ 1, N

frozen

! N

frozen

� 1) with probability p. When

the local wind is fast enough, these ejected snow particles will be transported,

otherwise they fall back and freeze again.

4 Simulations

The above simple rules, when combined with the LB wind dynamics, are suf-

�cient to produce realistic deposition patterns at di�erent space scales by

varying the Smagorinski constant C

1

, the threshold N

s

and the erosion prob-

ability p [21,22].

Figure 4 shows the deposition pattern around a fence without or with a ground

clearance (small gap at the bottom devised to increase the e�ciency of the

the fence by allowing the wind to 
ow through, thus preventing the fence

to be rapidly buried by the deposited snow). Fences are commonly used as

an obstacle for the wind in order to accumulate snow at some appropriate

locations (e.g. windward a road to be protected). The resulting wind screening

decreases the snow transport past the fence and makes the deposition possible.

The accumulation patterns produced by our simulation are in good agreement

with �eld observations.

Figure 5 illustrates the �lling of a trench excavated in a large 
at area. We may

observe the non-intuitive deposition pattern and its time evolution where sev-

eral growth regimes may be identi�ed. Good qualitative agreement is observed

between the model and reality [13], mainly for the �rst part of the experiment

(growth of two deposition peaks) before the wind has slowed down in the

outdoor experiment.

Figure 6 shows small scale patterns known as ripples occurring with both

sand and snow transport. Ripples are mainly due to creeping transport. The

ratio we �nd between the height and the spacing of the oscillations (called the
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Fig. 5. Deposition pattern of snow in a trench (0.7m�1.7m, lattice spacing 0.03m,

N

s

= 10, p = 0:04 and C

1

= 0:3). Snow particles are introduced on the left corner

of the simulation; pro�les are shown every 1000 iterations. The experimental pro�les

measured by Kobayashi [13] (given every 1/2 hour for the �rst layers) are sketched

in the inset.

wave index) ranges around 6; this value agrees with the lowest index found for

sand [23] in �eld observations, �ts well wind tunnel experiments values [24] and

sand ripples in water [23]. Outdoor snow ripples are more complicated since

freezing and cohesion have to be taken into account; their wave index has been

measured to be around 16 [12,25]. In agreement with real observations, we also

see in our simulation that ripples move horizontally. This e�ect is illustrated

in the �gure. As observed in [26], our model also shows that large ripples can

be built through the merging of smaller ones, traveling faster.

Our description of erosion and deposition uses three parameters: C

1

, N

s

and

p. Roughly speaking, these parameters give a way to select the characteristic

scale of the patterns, but their precise role is still under investigation. If C

1

,

N

s

and p are badly chosen, the expected depositions pattern does not occur.

For instance, ripples are obtained with large p and C

1

, because, as observed

outdoor, they require a large snow mobility and weakly turbulent 
ow.

This model not only produces quantitatively realistic deposits, it also provides,

through simple and intuitive rules, a better understanding of the basic (and

quite controversial) mechanisms that occur in particle transport. Various pat-

terns of deposition result from the emergence of a collective e�ect rather than

from mechanisms that have not yet been identi�ed. In a CA type of approach,

creeping, saltation or suspension are no longer three phenomena requiring each

a special treatment: they are all captured by the same erosion/transport mech-

anisms. Therefore, a uni�ed view of the basic laws governing the formation of

particle deposition pattern is gained.
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Fig. 6. Formation of ripples, as obtained from our model. Particles are continuously

injected in the lower left corner of the simulation and the ripples grow spontaneously.

The deposition pro�le is given every 1000 time steps, which makes the horizontal

ripple motion quite clear (as well as the higher speed of the smaller ripples \es-

caping" rightward). The lattice spacing is around 0.03m, N

s

= 10, p = 0:02 and

C

1

= 5:0.

5 Parallel implementation

The implementation of LB or CA models on a massively parallel computer is

straightforward due to the intrinsic parallel and synchronous nature of these

approaches. The motion of the �ctitious particles is obtained by regular and

local communications. The computation itself is local, uniform and rather

simple, although the number of variables used to describe the system is larger

than in a PDE approach. Finally, LB model lead to rather short codes, which

improves the programmer's productivity and the ease the adapt a given model

to a new problem.

The simulations described in this paper are two-dimensional and have been

performed on a Connection Machine CM-200 (8192 1-bit processors and 256

FPU). The code has been written in CM-Fortran, a precursor of HPF. Data

parallelism turns out to be a well suited programming model to implement the

wind model. There is a good adequation between the language constructs and

the numerical algorithm. For the snow algorithms, on the other hand, more


exibility (as that o�ered by a message passing programming model) would
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be sometimes desirable.

Due to the good performance o�ered by parallelization, an interactive environ-

ment, with on-line visualization and dialog boxes, has been developed to tune

on-line the simulation parameters and obtain a better understanding of the

relevant processes occurring in this application. A batch mode is also possible,

which allows a complete description of the various events needed to perform

a full numerical experiment.

The simulation domain (typically of 512 � 64 lattice sites) is mapped on a

square lattice, making 2D arrays a natural and e�cient data structure. On

each cell, we need (i) 9 
oats for the wind densities (eight neighbors plus a

rest quantity), (ii) 9 integers for the snow particles and (iii) 9 bits to get a

local map of the surrounding solid cells.

The program execution can be summarized by:

Initialization

While t < nb.of.iterations

Forall lattice sites do in parallel

1. update the local map (9 bits) of the surroundings (as

some neighboring cells may have frozen)

2. compute the wind density and velocity

3. compute the snow particles evolution, deposition and

erosion

4. compute the new wind particles distribution

5. propagate snow and wind densities according to their

direction of motion

End Forall

t=t+1

End While

A standard performance measure in CA simulations is the number of site

updates per second: the value we obtain is roughly 8�10

4

sites per second for

our current implementation on the Connection Machine. A scalability analysis

(speed-up and e�ciency) is di�cult on such a machine because the number of

processors is �xed. Note however that the communication time is quite small

in comparison with the local computations.

Currently, 3D simulations are performed on a 14-node IBM SP2, using the

MPI library. This machine o�ers much more memory space, which is obvi-

ously critical in 3D applications and, also, gives more 
exibility than a SIMD

architecture to equilibrate the work on each processor (as only a few lattice

sites contain solid particles, the e�ciency is less optimal for the snow step

unless some kind of load balancing is performed or more clever data decom-

position is considered).
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