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Département d’Informatique
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Introduction

State of the art and motivations for this work

Reactive flows in porous media are ubiquitous in subsurface Earth environments.
From deep into the ocean, where hydrothermal circulation at mid-ocean ridges seems
to contribute to the cooling of the oceanic lithosphere (Stein & Stein, 1994), to the
vadose zone, where gas sparging could provide a mean of decontamination for pol-
luted water reservoirs (Lundegard & Andersen, 1996), and even deeper in the Earth
crust, where crystal rich magma bodies are often thought as reactive multiphase
porous media flow systems (Bachmann & Bergantz, 2006), the complex coupling
between reaction processes and fluid flows, controls mass and reactants transport in
the different systems.

Porous media flows are generally treated by using a macroscale representation of
the underlying pore-scale physics based on Darcy’s law. Darcy’s law states that the
mass discharge of a fluid through a porous medium depends on the viscosity of the
fluid, the intensity of the driving mechanism of the flow (either pressure gradient
or buoyancy force) and an experimental constant that describes the ability of the
porous medium to transmit the fluid, the permeability. The Darcian description of
porous media flows requires the definition of a statistical big enough porous medium
sample, the so called representative elementary volume, above which the material
properties can be treated as a continuum. At this scale, pore-scale effects are in-
corporated into the model through a set of constitutive equations. As an example,
the drag exerted by the porous medium solid matrix on the fluid flow is hidden in
the permeability. If multiphase environments are considered, additional effects due
to capillary forces between the different constituents of the porous medium (fluid-
fluid and fluid-solid interactions), has to be taken into account. This is done by
introducing a relative permeability. Darcy’s law is valid only for systems that have
reached a steady-state. However, a non-steady state form of Darcy’s equation, the
Richardson’s equation, exists. Thus, a Darcian description of reactive porous media
flows is also possible. Models built for this class of problems would need, then, con-
stitutive equations that describe the effect of the local evolution of the permeability
with time due to reaction processes. Of course, this would require the determination
of empirical relationships derived from, for example, laboratory experiments. These
empirical relationships are however generally poorly constrained and this becomes
even more evident when we aim in modeling reactive flows in a multiphase environ-
ment. This uncertainty is due to the poor understanding and scarce quantification
of the complex coupling between the different physical processes that take place
at the pore-scale (Meakin & Tartakovsky, 2009; Woods & Norris, 2010). Pore-scale
models that allow the investigation of such complex systems are then more than
welcome by porous media community (Meakin & Tartakovsky, 2009).

In this thesis we focus on the importance of pore-scale effects on heat and mass
transport in porous media. Even if the main reason that instigated my research was
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particularly motivated by volcanological applications, the numerical models and the
conceptual ideas we developed during this study can be used as a solid base of in-
vestigation for others scenarios where reactive single and multiphase flows in porous
media are involved. The present thesis is part of a project that involves a multi-
disciplinary team composed by physical volcanologits and experts in computational
fluid dynamics. The project was started with the aim to better constrain the results
of recent studies that suggested that magma volatiles can play a significant role in
the reactivation of crystal-rich magma bodies (voluminous accumulation of magma
at low depth in the Earth’s crust).

Magma is a multi-component mixture composed of crystals, molten silicate and
volatiles that, at certain physical conditions, can exolve and behave as an immiscible,
buoyant phase that flows in the molten rock. When the crystals are the most volu-
minous phase of the system, it is convenient to think of magma bodies as saturated
porous media (crystals and molten silicate) that can be subject to the invasion of a
third immiscible phase (the exolved volatiles). The invading fluid can transport in
the saturated porous media reactants (heat) that drive reaction processes with the
crystalline matrix. The analogy between this problem and other important applica-
tions in the geophysical field (decontamination of polluted vadose zone, secondary
oil recovery etc.) is clear.

Crystal rich magma bodies, hereafter also called crystal mushes, are associated
with some of the largest explosive eruptions on Earth (thousands of km3 of ejected
material, i.e. Fish Canyon Tuff). The reactivation of mushes also plays an im-
portant role in smaller, albeit more frequent eruptions (e.g., Mt St-Helens 1980,
USA, ongoing eruption at Montserrat, Pinatubo 1991). To understand the mech-
anisms that drive the evolution of the crystal mushes and quantify their effect is
not only one of the open questions of the modern physical volcanolgy (Huber et al.,
2010a), but could also help to envisage the development of techniques for hazard
assessment. Large silicic magma bodies (from hundreds up to thousand km3 in
volume) spend the majority of their supra-solidus existence in the crust at high
crystallinity (around 60%) (Koyaguchi et al., 1990; Bachmann et al., 2007; Marsh,
1981; Huber et al., 2009). Above a crystallinity of about 50% it is generally assumed
that crystal mushes form a rigid crystal skeleton and behave as a porous medium
(Vigneresse et al., 1996). In this state, assuming no or a small input of enthalpy from
other magmas, the mush will cool and completely crystallize to form a pluton. There
are however evidences that crystal mushes can be erupted following a reheating event
associated with new magma intrusions (Pallister et al., 1992; Lindsay et al., 2001;
Bachmann & Dungan, 2002). It is noteworthy that the longer the time during which
the mush cools down, the higher the probability of the interaction between a mush
and new batches of intruding, less evolved, magma. The observations that, in a
mushy environment, both the latent heat released by crystallization and the low
temperature contrast between the magma and the crust contribute to reduce the
cooling rate (Huber et al., 2009), help us understand that the interaction between
crystal mushes and new intrusions of magma is likely to occur.

It has been suggested that the evolution of mushes is controlled by the mass
and enthalpy exchange between the crystal-rich magma body, stored in the upper
part of the crust, and an initially hotter, crystal-poor and volatile-rich magma intru-
sion from below (Pallister et al., 1992; Bachmann & Bergantz, 2006; Huber et al.,
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2010a). In general the intruding magma is denser than the mush and is expected to
pond below the mush. As the under-plating intrusion cools down, partially crystal-
lized and begins to exolve volatiles, the overlying mush is subjected to a diffuse flux
of enthalpy at the interface plus an advected contribution associated with buoyant
volatiles transfered from the intrusion. The enthalpy associated with the volatiles
was suggested to contribute to the reactivation (decrease in crystallinity below the
rheological locking point, i.e. mush opened to convection) of the crystal mush (gas
sparging hypothesis) (Bachmann & Bergantz, 2006; Huber et al., 2010a).

Bachmann & Bergantz (2006) tested the sparging hypothesis using a 1D model
for multiphase fluid flow in porous media to solve for the evolution of a crystal-
rich magma body during the injection of superheated volatiles (temperature greater
than the melting temperature of some mineral phases of the mush). However, their
model does not account for the evolution of porosity in the mush in response to
melting and assumes a constant temperature interface between the two magmas.
This led Huber et al. (2010a) to develop a new model that solves for the combined
thermal evolution of the two magma bodies (including the melting of the mush),
the exolution rate and transport of volatiles from the intrusion to the mush. Their
results highlight the opposite role played by the volatiles on the thermal evolution
of the mush. For high volatile saturation (volatiles mobile in the porous media),
they increase the heat flux and the melting rate in the mush. On the other hand, at
low volatile saturation (below the percolation threshold), the volatiles pond at the
mush-intrusion interface and thermally insulate the mush.

The previous models are based on a macroscopic Darcian description of the dy-
namics of a multiphase fluid flow in porous media; moreover they are both 1D. Of
course, both Darcian description and 1D assumption allow for a macroscale determi-
nation of the evolution of the system. However, we underline that erroneous pictures
due to poorly constrained empirical relationships (i.e. permeability evolution) could
be drown. Furthermore, 1D models rule out the investigation of the effect of mul-
tiphase flow instabilities (i.e. (Saffman & Taylor, 1958; Huber et al., 2010b)) that
control the distribution of the fluid phases and heat in the porous medium. Our
work aims to complete the picture described by the previous models focusing on the
missing pore-scale sight. The reader will find on one side the development of a full
Lattice Boltzmann algorithm that enables us to investigate single and multi-phase
fluid flows at the pore scale in thermal reactive environments and, on the other side,
the answers to a series of scientific questions that arose as we struggled (and we
still do) to understand the physics of single and multi-phase fluid flows in reactive
porous media. In this introduction chapter, we aim at familiarizing the reader with
numerical and scientific aspects developed in this thesis. We begin with a list of
scientific questions that motivate my research and present the numerical tools that
have been developed to address them. In the next chapters we will focus on the
following scientific questions:

1. Are pressure and buoyancy-driven single phase fluid flows in porous media
equivalent?

2. How does dissolution/melting influence the mass and reactants/heat transport
in porous media?
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3. What controls the spatial distribution of an immiscible multiphase flow in a
porous medium?

4. What governs the formation of capillary channels? Can capillary channels
growth in a perfectly homogeneous porous medium?

5. How does the buoyant migration of non wetting fluid influences the heat trans-
port in a porous medium?

6. What is the effect of reaction processes on the stability of capillary channels?
How is the coupling between reaction processes and non-wetting phase dis-
charge?

Organization of the thesis

The first two chapters are mainly dedicated to the discussion of the numerical
method that we chose to work with, the Lattice Boltzmann Method (LBM). The
Computational Fluid Dynamics (CFD) community is getting more and more prone
to the idea that the LBM (Meakin & Tartakovsky, 2009; Aidun & Clause, 2010) has
reached a high degree of maturity for solving the Navier-Stokes equations for incom-
pressible fluids, and for the treatment of multiphase flows in complex geometries
at the pore-scale. The above reported scientific questions suggest that we have to
build a numerical model that solves for the heat transfer between multiple phases,
phase change (melting/dissolution) and porous media flows at the pore scale. The
versatility shown by the LBM, then, justifies our choice. The investigation of mass
transport in porous media at the pore scale can quickly become computationally
expensive. This is especially true when dealing with 3D geometries large enough to
be statistically relevant for a Darcy’s scale description of the flow. In this case we
can take advantage of the local nature of the LB algorithm that allows for efficient
parallelization of the numerical codes (Chen & Doolen, 1998; Aidun & Clause, 2010;
Meakin & Tartakovsky, 2009).

In chapter one, we discuss the basics of the LB algorithm. We introduce the nu-
merical scheme for the simulation of single phase fluid flows and advection/diffusion
of a scalar a field. We then proceed with an example to demonstrate the strategy
for coupling advection-diffusion and fluid flow using the the Multi-Distribution func-
tion approach to address Rayleigh-Benard convection (Shan, 1997; Parmigiani et al.,
2009). In chapter two, we present a LB model for pure substance melting (Huber et al.,
2008). This model is tested against analytical solution for conduction melting. Ap-
plications of the same model to natural convection melting in porous media are also
presented. In chapter three, we focus on single phase porous media flows. The
flow in porous media is generally described with Darcy’s equation. In Darcy’s equa-
tion the discharge through a porous media is linearly proportional to the force that
drives the flow. The pore scale dynamics is ”filtered” and its effect are taken into
account at a coarser scale (Darcy’s scale) by introducing empirical quantity such as
permeability. Focusing on single phase fluid flow in isothermal and thermal reactive
environments, we show how the Darcy’s macroscopic description of the flow can
lead to misleading results. Darcy’s law assumes that the steady-state discharge in a
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porous medium due to either buoyancy or pressure-driven conditions is equivalent.
We test this hypothesis by solving the dynamics at the pore-scale and observe dif-
ferent discharge for comparable buoyancy and pressure-driven flow. In particular
the differences between these two types of flows is controlled by the tortuosity of
the porous medium. We also show that the break-up of the equivalence between
pressure and buoyancy-driven flows in porous media becomes even more significant
when a scalar field, such as temperature or chemical components, is advected and
dispersed in the porous media and reacts with the matrix to modify dynamically the
flow pathways by melting or dissolution. This study, then, highlights the importance
of pore-scale dynamics microscale evolution of the system.

In chapter four, we study immiscible multiphase flows in porous media. The
surface tension between fluid phases and capillary interaction with the solid intro-
duce a non-linear dynamics that is resolved at Darcy’s scale by the introduction
of a relative permeability (a quantity that expresses the macroscopic effect of the
relative saturation of the different phases, their wetting properties etc ...). In this
chapter we study the processes that control the distribution of the different phases
in the porous media. In fact, the transport and storage ability of porous reservoirs
hosting two immiscible fluid phases are controlled by their respective spatial distri-
butions. We start the chapter with the discussion of the literature concerning LB
methods for multiphase fluid flows. We then describe in further details the Shan-
Chen method as it constitutes the bases for our numerical model. Then, we use our
multiphase flow model to show that the surface tension coupling between an injected
non-wetting phase and a wetting phase in a porous medium can lead to the growth
of channelization instabilities even in a homogeneous porous medium. The channel-
ization of a buoyant non wetting fluid in a porous medium is important because of
its applications to solve remediation processes, carbon sequestration strategies and
secondary oil recovery. In general, the growth of instabilities during the invasion of
a fluid phase in a saturated porous medium controls the distribution of the invading
fluid, the heat and mass transfer associated with the invasion.

Chapter five focuses on the limitation of the Shan-Chen model for thermal ap-
plications. We first show how the Shan-Chen model for immiscible fluid flow can
be coupled with a LB advection-diffusion scheme for a scalar field to obtain an al-
gorithm for the treatment of multiphase thermal flows. This chapter is intended as
an introduction to chapter six where we study reactive multiphase flow in porous
media. In particular, in chapter five, we discuss how our method can lead to a scarce
accuracy when heat exchange between different phases is investigated. Moreover, we
attempt to model Marangoni instabilities (mass transport driven by heterogeneous
surface tension at the fluid-fluid interface) with the Shan-Chen method for multi-
phase fluids and show that the SC model in not suited for these types of studies and
yields wrong results. This observation suggests that the definition of the surface
tension in in the Shan-Chen model fails to reproduce a correct physical behavior
in the context of heterogeneous surface tension. Even if we have not obtained any
conclusive results, this observation can drive future works on this topic.

Chapter six is dedicated to the study of thermal reactive multiphase flows in
porous media. We focus on the formation and stability of preferential paths (cap-
illary channels) for the flow of the invading phase (due to capillary and buoyancy
effects) and the consequent transport of reactants that can dissolute the porous ma-
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trix. In particular we study how the injection rate of the invading fluid and melting
efficiency influence the spatial and temporal evolution of both capillary channels and
porous media. Our results show that even if the capillary channels formed by the
non wetting fluid are tourtuose and developing in a heterogeneous porous medium,
simple scaling laws derived for a multiphase annular flow can qualitatively explain
(1) the exponential decay of reactant along capillary channels, (2) the dependence of
the penetration depth of reactant on a local Peclet number (using the non-wetting
fluid velocity in the channel) and more qualitatively (3) the importance of the melt-
ing/reaction efficiency on the stability of non-wetting fluid channels. These results
not only clarify the pore-scale coupling between the flowing multiphase fluid and
thermal reaction processes in crystalline porous matrix, but also quantitative indi-
cations about the evolution of the system.



Chapter 1

An introduction to the lattice Boltzmann
technique

1.1 Introduction

During this thesis we exploited the Lattice Boltzmann method (LBM) as a Compu-
tational Fluid Dynamic (CFD) tool for complex fluid simulations. We explored the
dynamics of different fluid flow topics with a proneness for reactive porous media
systems applied to geophysical problems. In particular, this thesis focuses on the
study of pore-scale effects in porous media flows and how transient processes due to
reaction between reactants and the porous matrix influence mass and transported
reactants through the porous media.

Single and multiphase porous media flows are ubiquitous in natural and engineer-
ing systems. In geosciences, for example, porous media flows strongly influence the
distribution and transport of chemical components and heat in the Earth as thermal
and molecular diffusivities are in most natural setting fairly low. Because of their
complex nature, together with the nonlinear feedbacks between reactions (dissolu-
tion/melting or precipitation) and the flow field at the pore-scale, the study of these
dynamical processes remains a great challenge (Meakin & Tartakovsky, 2009).

The numerical investigation of sub-Darcy’s scale (pore-scale) porous media flows
requires a method that can easily handle flow in complex 3D geometries, single and
multiphase fluid dynamics (such as bubble or droplet coalescence and breakup, long
range interaction of bubbles/droplets at low Reynolds number) and that can be effi-
ciently parallelized to scale the results up to a macroscopic description of the physics.
By now, the CFD community agrees that the LBM (Meakin & Tartakovsky, 2009;
Aidun & Clause, 2010) has reached a high degree of maturity for both solving the
plain Navier-Stokes (NS) equations for incompressible fluids in single and multiphase
environments. Moreover, the LBM showed its ability to deal with flows in complex
geometries where pore scale phenomenas want to be studied in detail. Another im-
portant argument in favor of using the LBM is the efficiency by which programs can
be parallelized on high-end computing platforms. This aspect is crucial in face of
the large requirements of memory and processing power in the present work.

Following the classical CFD approach, the LBM can be used to describe new
physical properties in terms of transport phenomena related to new observables.
This is promptly translated in a set of lattice Boltzmann equations, each one of which
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describes the transport of a different macroscopic observable (i.e. heat transport,
single and multiphase fluids transport). The key ingredient in this approach is
to couple the different physics using interaction terms between the different LB
equations. We “baptized” this approach the Multi-Distribution function (MDF)
approach (Shan, 1997; Parmigiani et al., 2009).

The numerical tool that we have chosen to use is an open source parallel Lattice
Boltzmann solver called Palabos (2010). Its computational efficiency and the pos-
sibility to integrate new physical ingredients thanks to its multi-physics interface,
make of Palabos the perfect tool for this project.

The fluid flows problems that we discuss in this document range from natural
thermal convection of single phase fluid flow, for instance the well known Rayleigh-
Bénard convection, to multiphase reactive fluid flows in 3D complex geometries. In
order to deal with the different problems, in this thesis we will discuss several LB
algorithms. In this first chapter, we briefly introduce the lattice Boltzmann method.
After a quick historical introduction to the method, we show how the flexibility of
the LBM allows us to describe different physical behaviors by using the same kinetic
equation and simply changing few ingredients of the algorithm. Two different LB
dynamics (1. isothermal hydrodynamic, 2. advection and diffusion of a scalar field)
are then presented to the reader. In the second part of the chapter we present the
LBM as an useful CFD tool for multi-physics applications. For instance we introduce
the Multi-Distribution function approach (a possible LB approach to the modeling
of complex fluid flow scenarios) and discuss its details presenting an application of
this method to natural thermal convection.

1.2 Origins of lattice Boltzmann method

The lattice Boltzmann method can be derived from the continuum Boltzmann equa-
tion (He & Luo, 1997a,b; Shan et al., 2006; Malaspinas, 2009). Historically, how-
ever, the LB method is the result of the statistical average interpretation of a discrete
microscopic model for an ideal gas, the Lattice Gas (LG), that is based on Cellu-
lar Automata (CA) rules (Wolf-Gladrow, 2000; Chopard & Droz, 1998). Unlike
traditional CFD numerical schemes (finite difference, finite volume etc..), that are
based on a numerical discretization of a continuum representation of the macroscopic
physics described by mean of partial differential equations (top-down approach), the
CA approach (and at some extent also the LB ) describes a physical system in terms
of particle interaction at the microscopic scale (bottom-up approach).

In a CA scheme, N particles are placed in a regular grid and are let free to
stream from one lattice node x to one of its neighbors x + vi∆t following a finite
set of grid velocity vi (the subscript i indicate one of the possible lattice directions
and vi∆t the distance covered by the particle in a single time step ∆t). When
two or more of such particles occupy the same lattice node x at the same time t,
the particles interact (collide) and are shuffled on the lattice following a collision
rule that, by assumption, has to respect the conservation laws characteristics of
the problem under investigation (i.e. for an ideal gas, conservation of mass and
momentum ).

The state of the N particles in the lattice can be described by mean of a boolean
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variable ni(x, t), so called occupation number. ni(x, t) is defined at each lattice node
and tells us if a particle with velocity direction vi is entering the lattice node x at
time t (ni = 1) or not (ni = 0). The evolution equation for ni can be written as:

ni(x+∆tvi, t+∆t)− ni(x, t) = Ωi, (1.1)

where the l.h.s. of Eq. (1.1) represents the advection of a particle from one lattice
node to one of its neighbors, while, on the r.h.s, the collision operator Ωi states the
collision rules between particles.

The determination of macroscopic variables of the system such the average den-
sity of particles and the average velocity field at each point of the system, first
require the definition of an ensemble average

fi(x, t) =
〈
ni(x, t)

〉
=

∑

Θ

ni(x, t) (1.2)

where Θ represent a statistical big enough number of lattice nodes (for fluid flow
applications the ensemble Θ is usually formed by 32 or 64 lattice nodes spread
around a center x). fi(x, t) describes the probability of having a particle entering
the site x at time t with velocity vi (the particle distribution function). Following
the usual statistical mechanics approach, the local density of particles is the sum of
the average number of particles traveling along each direction vi:

ρ(x, t) =
∑

i

fi(x, t). (1.3)

Due to the CA microscopic interpretation of the dynamics, different physical pro-
cesses such interaction with complex boundaries, reaction-diffusion and phase sepa-
ration between different fluids, emerge naturally from the CA framework. However,
the fully discrete nature of the CA hides some inconvenient as the statistical noise,
that requires a systematic and rather numerical expensive averaging procedure (see
Eq. (1.2)).

In order to improve the numerical efficiency of the CA schemes and get rid of
the statistical noise, at the end of the eighthes, McNamara & G.Zanetti (1988);
Higuerra & Jimenez (1989) decided to directly work with particle distribution func-
tion fi instead of the boolean variables ni. The lattice Boltzmann method was
born.

1.3 Lattice Boltzmann equation and the BGK col-

lision operator

The quantity of interest in the lattice Boltzmann method is the discrete particle
distribution function fi. In analogy with statistical mechanics, fi(x, t) expresses the
probability of finding a particle that enters a lattice node x at time t along a given
lattice direction vi. The fis assume real values, collide and exchange momentum at
each lattice node x and time steps t. After the collision, the fis are streamed away
along one of the discrete lattice velocities vi. At time t + ∆t the fis will reach a
new lattice node x + ∆tvi and will collide again. Similar to the time and spatial
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evolution of the occupation number ni in the CA’s scheme, the dynamic of the fis
can be mathematically described by:

fi(x+ vi, t+ 1)− fi(x, t) = Ωi (fi(x, t)) , (1.4)

where the usual LB convention ∆t = ∆x = 1 (time step, and grid space expressed
in lattice units) has been used, and Ωi is again so called collision term that depends
and the local fi(x, t). As for the CA approach, Ωi must satisfy the conservation
properties of the physical system under investigation. For example, in the case of
fluid flow applications Ωi has to be such that:

∑

i

Ωi = 0
∑

i

Ωivi = 0; (1.5)

expressing the conservation of mass and momentum respectively.
From this description of the LB rules, we understand that, in order to be com-

plete, a LB scheme needs two main ingredients:

• a discrete lattice geometry (set of velocities along which the fis are streamed);

• a kinetic equation (momentum exchange due to the collision process);

The choice of these two ingredients make possible not only to resolve a rich number
of physical processes, but also to improve numerical stability, accuracy and efficiency
(Latt, 2007).

Before we give some insight about some LB models, we would like to introduce to
the reader the most simple and probably used collision operator in LB modeling, the
so called BGK (from their inventors Bhatnagar, Gross and Krook ) collision operator
(BGK is extensively used in this work). When the BGK assumption is made, we are
assuming that after collision fi relaxes to an equilibrium state f eq

i , the equilibrium
distribution function, at a single rate τ called relaxation time (Bathnagar et al.,
1954) . Using this assumption, Ωi is explicitly expressed in term of fi and f

eq
i as:

Ωi = −1

τ
(fi − f eq

i ) . (1.6)

Consequently, the LB equation in BGK approximation (LBGK) reads:

fi(x+ vi, t+ 1) = fi(x, t)−
1

τ
(fi(x, t)− f eq

i (x, t)) . (1.7)

We let the reader notice that, even if a collision rule have been chosen (the BGK
collision model), we still have to specify the nature of the equilibrium function f eq.
The two of them together represent the kinetic equation of the model. The f eq

i is
usually chosen as a discrete representation of the Maxwellian distribution function
which is expanded up to desired order to reproduce the physics of interest. It is
important to underline that, if the kinetic equation has to respect some conservation
laws (see i.e. Eq. (1.5)), the lattice geometry has to satisfy a set of symmetry
conditions. Both conservation laws and symmetry conditions depend on the physical
process that want to be studied (see next sections).
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In what follow, we report the details for the numerical implementation of a LBGK
schemes for single phase fluid flow (NS LBGK scheme) and advection-diffusion of a
scalar field (AD LBGK scheme) that can be used in both 2D and 3D environments.
For modeling AD and NS LBGK schemes, a 1st order and 2nd order expansions
respect to the velocity of the Maxwellian distribution functions are respectively
required. Moreover, lattices geometries that only involve communications with first-
nearest neighbors are needed. We inform the reader that more complex LB models
(thermal and compressible fluid dynamics) that can still be resolved by using a
single particle distribution function have been proposed. However, in order to fulfill
conservation and symmetry requirements, these models will require higher orders
expansion and more extended lattice geometries (Shan et al., 2006).

1.3.1 LBGK solver for single phase fluid flows

In this section, we present suitable lattices and equilibrium distribution function
for modeling both 2D and 3D single phase fluid flows by using a LBGK scheme
as in Eq. (1.7). In order recover the correct hydrodynamic behavior of NS in in-
compressible limit, the lattices geometries have to satisfy the following symmetry
relations: ∑

i

wi = 1;
∑

i

wiviα = 0;
∑

i

wiviαviβ = c2sδαβ; (1.8)

∑

i

wiviαviβviγ = 0;
∑

i

wiviαviβviγviδ = c4s(δαβδγδ + δαγδβδ + δαδδβγ); (1.9)

that guarantee rotational invariance up to the fifth order. In Eq. (1.8) and Eq. (1.9),
δαβ is the Kronecker symbol, the greek subscripts indicate spatial directions, cs a
constant characteristic of each lattice geometries that is called speed of sound, vi

are the lattice velocities and wi are the associated lattice weights that are introduce
to fulfill the symmetry relations.

For a 2D applications, a suitable lattice is D2Q9, where D2 indicates the spatial
dimension of the problem and Q9 the number of lattice velocities that connect a
lattice node x to its neighborhood. The vis for the D2Q9 model take the value:

vi =







(0, 0) a = 0
(±1, 0), (0,±1), a = 1− 4

(±1,±1), a = 5− 8
(1.10)

The associated lattice weights wi are:

w0 = 4/9 w1 = w2 = w3 = w4 = 1/9 w5 = w6 = w7 = w8 = 1/36. (1.11)

For 3D applications, in this work we use a D3Q19 lattice. The set of vi and wi

for this lattice are respectively:

vi =







(0, 0, 0) i = 0,
(±1, 0, 0), (0,±1, 0), (0, 0,±1), i = 1− 6,

(±1,±1, 0), (±1, 0,±1), (0,±1,±1), i = 7− 18
(1.12)

wi =







1/3, i = 0,
1/18, i = 1− 6,
1/36, i = 7− 18

(1.13)
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For both D2Q9 and D3Q19 lattices, the speed of sound cs is equal to 1/
√
3.

The equilibrium distribution function f eq for this model is a Taylor expansion of
the Maxwellian distribution function up to the second order respect to u:

f eq
i (x, t) = wiρ

[

1 +
vi · u
c2s

+
(vi · u)2

2c4s
− ‖u‖2

2c2s

]

. (1.14)

In the limit of small enough ∆t, ∆x and small Mach numbers Ma = u/cs,
(limit where the expansion (1.14) is valid) it can be shown that, by performing a
Chapman-Eskong expansion analysis (Chapman & Cowling, 1990), this numerical
scheme solves asymptotically (respect to small Knundsen number, the aspect ratio
between the molecular mean free path and a characteristic lenght of the system) the
equation of motion of a incompressible fluid (at the limit of weak compressibility),
with second order accuracy. The mass and momentum conservation equations at
which the LB scheme converges are:

∂ρ

∂t
+∇ · ρu = 0, (1.15)

∂u

∂t
+ (u · ∇)u = −∇p

ρ
+ ν∇2u, (1.16)

where ρ and u are respectively the density of the velocity field of the fluid, p its
pressure and ν the kinematic viscosity. The two equations represent respectively
mass and momentum conservation as described by the Navier-Stokes equation for
incompressible fluid. It is interesting to notice that both NS equation and f eq in
Eq. (1.14) show a second order non-linearity respect to the velocity field u. Macro-
scopic density and momentum of the fluid can be calculated at each lattice node of
the lattice as: ∑

i

fi = ρ;
∑

i

fivi = ρu. (1.17)

Moreover, by defining the non-equilibrium distribution function fneq
i = fi−f eq

i , also
the strain rate tensor Sαβ = (1/2)(∂αuβ +∂βuα) can be calculated by using the local
informations given by the fis, in fact:

∑

i

viαviβf
neq
i = −2c2sτρSαβ. (1.18)

Concluding the description of the LBGK model for single phase fluid flow, the
equation of state of the fluid is the one of an ideal gas; the pressure field p then is
defined as:

p = ρc2s. (1.19)

Furthermore, the kinematic viscosity ν of the fluid expressed in lattice units can be
calculated from the relaxation time τ , ∆x and ∆t by mean of the relation:

ν = c2s(τ − 0.5)
∆x2

∆t
. (1.20)

We note that τ , the time scale of relaxation of the fis to the equilibrium, is linked to
the viscosity, the constant that describes the relaxation of the fluid to an equilibrium
state when stress has been exerted on it.
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To add an external force (body force) to the LBGK NS scheme is also possible.
For an exhaustive review and clarification to the topic, we let the reader consult
(Latt et al., 2010). Here we quickly described the two different ways for adding an
external force that we extensively used throughout this thesis.

A first possibility is based on the so called Shan-Chen scheme (Shan & Chen,
1993; Shan, 1997). Shan and Chen take into account for change in momentum due
to external force effects by simply adding to the macroscopic velocity definition u
in Eq. (1.17), an extra term τF, where F is the applied external force and τ the
relaxation time. The momentum reads as ρu =

∑

i fivi + τF and the new velocity
u is then used to calculate the equilibrium distribution function (1.14).

A second way derived by Guo et al. (2002b) consists in adding to the r.h.s of
Eq. (1.7) (LBGK evolution scheme) an extra term Fi that takes the form:

Fi =

(

1− 1

2τ

)

ρwi

(
1

c2s
vi · F+

1

2c4s

(
vivi − c2sI

)
: (upF+ Fup)

)

(1.21)

where I is the identity matrix, the symbol “:” states for tensor contraction and
up = u+ F/2 (here u is again calculated as

∑

i vifi ). Latt et al. (2010) show that
both the two schemes lead second order accuracy. However, the Shan-Chen scheme
offers higher computational efficiency.

1.3.2 LBGK solver for advection and diffusion of a scalar
field

LBGK schemes for advection and diffusion (AD) of a scalar field T have been used
by the LB community for both heat/enthalpy (Shan, 1997; Huber et al., 2008) and
chemicals transport (Kang et al., 2005, 2006) processes. In this work, we are mainly
interested about heat transport. In what follow, then, the scalar field T represent
the temperature. Many different variants of the LBGK AD scheme can be found in
the literature; they differ because of the used lattices (D2Qi where i = 4, 5, 9 for
2D applications) or for the form of the equilibrium distribution function geq (Shan,
1997; Guo et al., 2002a; Chopard et al., 2009). In this thesis, we use the symbol
g instead of f to differentiate the particle distribution function employed for AD
and NS LBGK algorithms respectively. For an extensive review and comparison
between the different variants, we address the reader to Suga (2006); Chopard et al.
(2009) . Moreover, a more sophisticated LB AD schemes based on a two relaxation
time technique has been proposed by Servan-Camas & Tsai (2008, 2009). For this
model, the authors report a better numerical stability when compared to a LBGK
AD scheme.

In this work we use an LBGK AD algorithm (see Eq. (1.7)). For 2D and 3D
applications a D2Q5 and a D3Q7 lattices are used respectively. The two lattices
guarantee second order rotational invariance (see Eq. (1.8)) that is enough to model
AD dynamics (Latt, 2007). Lattice velocities ei and weights ti for a D2Q5 lattice
are:

ei =

{
(0, 0) i = 0,

(±1, 0), (0,±1), i = 1− 4
(1.22)

t0 = 1/3, t1 = t2 = t3 = t4 = 1/6. (1.23)
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The cs constant for the D2Q5 is 1/
√
3.

For the D3Q7, lattice velocities ei and weights ti are:

ei =

{
(0, 0, 0) a = 0,

(±1, 0, 0), (0,±1, 0), (0, 0,±1), a = 1− 6
(1.24)

t0 = 1/4, t1 = t2 = t3 = t4 = t5 = t6 = 1/8. (1.25)

The cs constant for the D3Q7 is 1/2
Furthermore, we chose to work with a linear form of the particle distribution

function geq:

geqi = tiT (1 +
1

c2s
ei · u). (1.26)

We use g instead of f to differentiate the particle distribution function used for
AD and NS LBGK algorithms respectively. The numerical scheme described by
eqs. (1.7) and (1.26) converges to the macroscopic behavior described by the AD
equation:

∂T

∂t
+ u · ∇T = α∇2T. (1.27)

We note, however, that (Chopard et al., 2009) pointed out that this algorithm re-
solve the AD Eq. (1.27) but also introduce a time and spatial dependent error term
for which a correction has been proposed by Latt (2007). We let the reader notice
that both the macroscopic AD Eq. (1.27) and the geq (see Eq. (1.26)) are linear
respect to the velocity field u.

Using this model, the macroscopic value of the temperature can be calculated as
the zeroth order momentum of gi:

∑

i

gi = T ; (1.28)

The thermal diffusivity α, responsible for the diffusion of heat, in analogy with the
kinematic viscosity ν, is calculated from the relaxation time τ as:

α = c2s(τ − 0.5)
∆x2

∆t
. (1.29)

1.3.3 Boundary conditions

Essential for the closure of a fluid flow problem, the topic of the boundary condi-
tions (BC) in the LBM always represents an important ensemble of any dedicated
LB conference and publication. Although it is out of the scope of this section to
give a comprehensive review about this topic, in this section, We highlight a few
key concepts and we address the reader to Latt et al. (2008); Malaspinas (2009)
for more theoretical details and rules for practical implementation of BC in the LB
framework. The problem of the BC in the LBM can be resumed as follow. When we
look at the set of particle distribution function fi that describe the state of lattice
node x placed at the boundary of the numerical domain (see Figure 1.1), we can
notice that some information (particle distribution function values) is supposed to
come from a region external to the numerical domain. These particle distribution
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Figure 1.1: Sketch of the discretize particle distribution function inside the bulk of
the numerical domain and at wall boundary nodes. The sketch show that, at the
wall boundary nodes, some of the particle distribution functions should come from
outside the bulk and then are unknown. Subsequently, proper boundary conditions
have to be applied in order to get the missing particle distribution values.

functions are then unknown and have to be reconstructed from boundary constrains.
These constrains have to guarantee a complete and physical set of fi at each lat-
tice node next to the boundary. The reconstruction of the entire set of fis at the
boundary is usually possible thanks to the knowledge of macroscopic observables
(velocity and/or density for a fluid scheme, temperature or concentration of chem-
icals for an advection-diffusion scheme) at the walls of the numerical domain. In
the literature, the user can find different local LB boundary conditions (local, in
this case means that no macroscopic information from the neighbor lattice nodes is
needed for the implementation of the BC) that allows us to deal with imposed ve-
locity values, imposed pressure gradient at the inlet-outlet regions, walls at constant
temperature or concentration of chemicals. Given that the LB algorithm is second
order accurate, also its boundary conditions should satisfy this order of accuracy.
In this work, when it is possible, we use the local Regularized boundary conditions
proposed by Latt et al. (2008). However, for more exotic boundary conditions such
as adiabatic boundary condition for the temperature and imposed velocity gradient
at the boundary, a finite difference approach is used.

Local BC can also be used to define no-slip wall BC (zero velocity at the wall).
However, one of the most known and used lattice Boltzmann BC for no-slip, es-
pecially for porous media flows application, is the so called bounce-back condition.
Inspired from the LB ancestor, the Lattice Gas method, the bounce-back scheme ex-
ploits the microscopic nature of particle distribution function and states that when
an fi streams to a wall node, the fi scatters back to the node it came from. If the
wall boundary is considered as shifted half-way between the solid node and the first
fluid node, this simple scheme gives second order accuracy (Ziegler, 1993).
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1.4 Multi Distribution function approach

One of the aim of this chapter is to introduce the reader to the Multi-Distribution
function (MDF) LB approach. This is the approach that the LBM offers for dealing
with Multi-Physics problems. In the MDF approach any physical phenomena related
to a different transport property (i.e. viscosity, thermal diffusivity etc.. ) has to be
described by mean of a different particle distribution functions. The different fis
are then properly coupled in order to reproduce complex dynamics such reaction-
diffusion processes in a hydrodynamic environment or thermal convection problems.

As an introduction to the MDF, in this chapter we present a LB algorithm
that we used to simulate the 2D Raleigh-Bénard (RB) problem, one of the most
known example of natural thermal convection, over a large range of Rayleigh Ra
and Prandtl Pr numbers. In what follow, we first quickly introduce the RB problem
and the set of partial differential equations that describe its dynamical evolution at
the macroscopic scale. We then show how to couple the LB algorithms for non-
thermal hydrodynamic and advection-diffusion processes presented in Sections 1.3.1
and 1.3.2 respectively, for modeling thermal natural convection. Eventually, still
using as example the RB problem, we will show how the MDF approach can be
used as a tool for splitting the time and spatial scales characteristic of the different
transported quantities (momentum and heat) of the system under investigation in
order to gain in numerical efficiency. Some comments about the here presented
coupling technique are also reported.

1.4.1 Rayleigh-Bénard convection

Natural thermal convection occurs when buoyancy forces due to thermal expansion
of an newtonian fluid exceeds viscous forces. If the density difference responsible
for triggering the thermal convection is small compared to a reference density of
the fluid (i.e. density of the fluid at the mean temperature T0), thermal convection
problems can be studied using the so called Boussinesq approximation. The Boussi-
nesq approximation states that the spatial and temporal variation of the density can
be neglected in the set of equations governing the dynamic of fluid expect for the
term where the density difference appears explicitly. We assume this approximation
as valid for the RB problem studied here.

The set of dimensionless equations describing RB convection for a Boussinesq
fluid can be written as:

∇ · u∗ = 0, (1.30a)

∂u∗

∂t
+ (u∗ · ∇)u∗ = −∇p∗

ρ∗0
+

√

Pr

Ra
∇2u∗ − T ∗z, (1.30b)

∂T ∗

∂t
+ u∗ · ∇T∗ =

√

1

PrRa
∇2T ∗. (1.30c)

In the above equations the scaling for temperature T ∗ = (T−T0)/(Thot−Tcold), veloc-
ity u∗ = (t0/H)u and dynamic pressure p∗ = pt20/l

2
0 are used (superscript ∗ indicates

dimensionless units), where Tcold and Thot are the top and bottom temperatures,
t0 =

√

H/g0β(Thot − Tcold) and H are the characteristic time and length of the sys-
tem, ρ∗0 is the dimensionless density at the reference temperature T0 = (Thot+Tcold)/2
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Figure 1.2: Geometry of the investigated system. The fluid is confined within an
upper and a lower walls where the temperature is kept constant and equal to Th
and Tc respectively (Th > Tx). No-slip boundary conditions are applied at the two
walls. Left and right boundaries are chosen to be periodic. L/H is the aspect ratio
of the system.

and z the direction of gravity g0. The Prandtl and the Rayleigh numbers are defined
respectively as Pr = ν/α and Ra = g0β(Thot−Tcold)H3/(αν) where β is the thermal
expansion, ν is the kinematic viscosity of the fluid, α is its thermal diffusivity. From
linear stability analysis we expect a power-law relationship between Nusselt (Nu),
defined as the ratio between the convective and conductive heat transfer, and Ra
numbers (Turcotte & Schubert, 2002). In this work,we use, as a benchmark for our
code, the well established relation (Richter et al., 1983)

Nu = 1.46(Ra/Racr)
0.281. (1.31)

It is important to underline that both experiments and boundary layer theory, in-
dicate that the characteristic size of both thermal plumes, velocity and thermal
boundary layers decrease for increasing Pr and Ra number. For more details on the
different regimes of convection observed for changing Ra and Pr numbers, we refer
the reader to Refs.(Christensen, 1987; Manga & Weeraratne, 1999).

1.4.2 Coupling technique. LB equations for thermal con-
vection

When we use the MDF LB approach to thermal convection (Shan, 1997; Guo et al.,
2002a; Parmigiani et al., 2009), the fluid and the temperature field are respectively
described by the particle distribution functions

fi = fi(x, t), i = 0, . . . ,M (1.32a)

gi = gi(x, t), i = 0, . . . , K (1.32b)

where M and K represent the number of lattice velocities used for the fluid and the
temperature algorithm respectively. As in the MDF approach the only exchange of
information between the particle distribution functions is through the macroscopic
quantities, M and K can assume different values. For 2D application as the one
described in this section, M = 9 and K = 5. In the following discussion, the
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superscript or subscript fl indicates quantities that are related to the fluid algorithm,
on the other hand, quantities belonging to the temperature algorithm are indicated
by using the superscript or subscript T .

The spatial and temporal evolution of fi and gi are governed by the LBGK
algorithms discussed in Sections 1.3.1 and 1.3.2 respectively. fi and gi are coupled
through a temperature dependent force term Fi, representative of the buoyancy
forces due to the thermal expansion of the fluid, and the advection term present in
the equilibrium distribution function geqi . In this work we apply an external force to
the change in momentum due to thermal buoyancy effect using the Guo approach
(see Eq. (1.21)). The force term F in Eq. (1.21) takes the form:

F =

(

0,
(T+ − T+

0 )

T+
h − T+

c

δt2fl
δxfl

)

, (1.33)

where we can see the local temperature dependence of F (information from temper-
ature to fluid algorithm).

Density ρ+, momentum j = ρ+u+ and temperature T+ of the fluid (the super-
script + indicates LB units) can be calculated at each lattice node:

ρ+ =
M∑

i=0

fi, j+ =
M∑

i=1

fi vi, T+ =
K∑

i=0

gi, (1.34)

In particular, the vector field u+ = j+/ρ+ is the velocity which is used for the
calculation of geqi (information from fluid to temperature algorithms). This coupling
technique allow me to model RBC in Boussinesq approximation as described by the
set of Eqs. (1.30a).

We define the time and spatial scales of the problem by

δtfl =
N∗

Nfl

, δtT =
N∗

NT

, δxfl =
H∗

Hfl − 1
, δxT =

H∗

HT − 1
, (1.35)

where Hfl and HT are the number of lattice nodes used to discretize a reference
length H∗ for the two grids, while Nfl and NT are the number of iterations used
for the simulation of a reference laps of time N∗ (we choose to set H∗ = N∗ = 1).
As in the MDF approach, the only exchange of information between the particle
distribution functions is through the macroscopic quantities, the couples Hfl and
HT , Nfl and NT can assume different values. The transport coefficients of the model,
νlu and αlu, can be related with Pr and Ra as:

νlu =
1

3
(τfl − 0.5) =

√

Pr

Ra

δtfl
δx2fl

, αlu =
1

3
(τT − 0.5) =

√

1

PrRa

δtT
δx2T

. (1.36)

For thermodynamical consistency (positivity of transport coefficients), the relax-
ation time τfl and τT cannot be smaller than 0.5. Using Eqs. (1.36) we can derive
an expression for Pr in terms of LB and scale parameters:

Pr =
τfl − 0.5

τT − 0.5

δx2fl
δx2T

δtT
δtfl

. (1.37)
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We let the reader notice that τfl and τT can be different. This allow the user to use
the scheme for different Pr number simulation even if δtT = δtfl and δxT = δxfl.
When different time and spatial scales for fi and gi are used, the macroscopic velocity
calculated for the fi scheme has to be rescaled in the system of units of the gi scheme
by

u+T =
δtT
δtfl

δxfl
δxT

u+fl. (1.38)

In the following section we present different simulation results for different Pr and
Ra numbers. For each run, we set Pr, Ra, the size of the grids (Hk where k = F, T ),
the relaxation time τfl and, through Eq. (1.36), we find δtfl. Once the ratio between
δtfl and δtT is chosen, we derive τfl from Eq. (1.37).

1.4.3 Three different ways to set the Pr number

In the MDF thermal approach, velocity and temperature evolution can be thought
as two independent LB schemes which are coupled after collision and streaming
steps using the macroscopic temperature T+ and velocity u+

fl. From our point of
view, to play with different time and spatial scales for the two schemes means to
reduce the coupling. In this section we investigate how much the decoupling can be
stressed and how it can help to decrease the time of computation required for the
solution to converge. We tune the decoupling of the two schemes using the definition
of Pr give in Eq. (1.37). This Eq. shows that we have three degrees of freedom for
setting the Pr number. These degrees of freedom are given by the ratios of the six
free parameters of the model τfl, τT , δxfl, δxT , δtfl and δtT . In what follow, we
discuss how to make use of the different free parameters to set the Pr number of our
calculation and what the different methods imply in terms of coupling. We let the
reader notice that, in what follow, our goal is to investigate the limits of the here
presented scheme when both Pr and Ra are increased. For instance, we focus on
high Pr number calculations because of interest for many geophysical processes (i.e.
mantle convection, magma chamber thermal convection). Moreover, the usual LB
BGK scheme for thermal convection is efficient for low Peclet number calculations
but shows very severe computational limits (due to both time of computation and
numerical instability) at Prandtl number bigger than 10 and Ra > 106. The present
work, then, has to be intended as an attempts to improve the numerical efficiency
of the classic LB BGK scheme at high Pr and Ra.

1. Relaxation times, full coupling. Assuming δxfl = δxT and δtfl = δtT , we
recover the classical MDF approach to set Pr with the ratio of the relaxation times
of the two distributions. This method doesn’t imply any decoupling process because
time and spatial scale are equal for the two numerical schemes. For accuracy reasons
we fix τfl = 1; as a consequence we use τT as a free parameter to increase Pr. In
order to reach Pr ≫ 1, we need to set τT close to its lower theoretical bound (0.5).

2. Different time-step duration for the two distributions, time decoupling.
The second way to increase Pr is to choose δtT > δtfl. We investigate this method
using δxfl = δxT and fixing the values of both τfl and τT . From the computational
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point of view, thismeans that the evolution of the temperature distribution gi has
to be computed once every δtT/δtfl iterations of the scheme for fi and thus we
decrease the time of computation. However, our experience is that this is done at
the expense of stability of the model. In this case, the Pr number can be thought
as the product of two terms Pr = PrτR, where Prτ = (τfl − 0.5)/(τT − 0.5) and
R = δtT/δtfl. We call R the decoupling time parameter. Moreover, we let the
reader notice that between the time step t0 and the time step t0 + δtfl, the velocity
u(t0) is used to compute the advection term for the temperature calculation at the
intermediate time steps of the temperature scheme.

3. Different grid spacing for the two distributions, spatial decoupling.
Lastly, Pr can be increased by choosing δxfl > δxT (i.e. Nfl < NT ). In other
words, a coarser grid for the velocity scheme, would help us to increase the Pr
number decreasing the time of computation. Because u+ and T+ have to be known
at each node of the two lattices, an interpolation step is required. However, if the
two grids are properly overlapped, only u+T needs to be interpolated. In our scheme
we use an inverse weighting interpolation method , where the interpolated quantity
of interest is averaged on the neighborhood. For each lattice node belonging to the
bulk of the gi grid, the interpolated and rescaled velocity u+T is calculated as

u+T =





∑X
i

u+

fl

di,j
∑X

i
1

di,j





(
δxfl
δxT

)

, (1.39)

where X is the number of lattice nodes belonging to the fi grid that are involved in
the calculation of u+T and di,j is the distance between the node j of gi grid and the
node i of the fi grid. We call δxfl/δxT the decoupling space parameter.

1.4.4 Discussion: limits of the methods

In this section, we test the stability and efficiency of the three methods used to
set the Pr number presented in the previous subsection and we focus my atten-
tion on the well-studied relation Nu = 1.46(Ra/Racr)

0.281. As Ra increases, the
transition from a steady to an unsteady state occurs and the Nu number be-
comes time-dependent. However, it has been showed numerically and experimentally
(U. Hansen & Kroening, 1990; Manga & Weeraratne, 1999) that averaging the Nu
over a large enough period of time, leads to a good agreement with Eq. (1.31).

Figure 1.3a shows the results for the first method (τfl 6= τT , δxfl = δxT , δtfl =
δtT ). We tested the scaling relationship for Nu(Ra) for a wide variety of Ra and
Pr = 10, 100, 1000. In these calculations, in order to reach high Ra and Pr, the
relaxation time τT has to be set to values close to 0.5 (τT = 0.505 and 0.5005 for
Pr = 100 and 1000 respectively) but it does not seem to introduce any numerical
instability. The results clearly show that Nu is independent of Pr as expected from
the scaling law. However, we can observe a change in the power-law exponent for
Ra/Rac ≥ 102 that we attribute to a too small resolution of the thermal δT and
velocity δfl boundary layers. In order to verify this hypothesis in a more quantitative
way, we made three numerical experiments with Ra = 3 · 106, Pr = 100 and Nfl
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equal to 100, 200, 400; the found Nu numbers are equal to 10.8, 11.3 and 11.6, where
the expected value is equal to 11.9. Of course better numerical accuracy is reached
at the expense of higher computational requirements.

Figure 1.3b shows the comparison between the results and the scaling law for
fixed relaxation times (τfl = 1, τT = 0.55 and different time scales for fi and gi. The
experiments are conducted for Pr = 10, 100, 1000 with R = 1, 10, 100 respectively
(R = δtT/δtfl). The bigger the R, the higher the decoupling between the two
numerical schemes. In the investigated range of Pr and Ra, the stability of the
method allows me to reach (Ra/Racr) = 300 (Nu is already time-dependent). The
impossibility to use further the time decoupling method shows that the higher the
Ra number, the stronger the coupling between the two numerical schemes. This
fact is not surprising; looking at Eq. (1.30a), we can notice that to increase Pr and
Ra means to push the heat transport to become velocity controlled and prevent the
decoupling of the two schemes. From a numerical point of view we have to avoid a
too big temporal variation of the temperature on a given lattice node. Hence R must
decrease. On the other hand, for the working region of the method, the accuracy
is comparable to the first one. For a more quantitative idea of the stability of time
decoupling method, we look for a Courant type stability condition. We impose that
the characteristic maximum velocity of the fluid flow (umax) has to be such that
umaxδtT ≤ δxfl. Using the relation Re = umaxH/ν ∼ Pr−1Ra2/3, the stability
condition can be rewritten as

c
ν+

Hfl

Pr−1
τ Ra2/3 ≤ δxfl

δtfl
. (1.40)

where the definition of Pr = PrτR has been used and c is a constant that has to
be determined. From linear stability analysis (at Ra close to Rac) the constant
in Eq. (1.40) is expected to be c = 0.27. However, we are interested in a range
of Ra far from Rac and then we expect a smaller value of c. Figure 1.3d shows
stable (squares) and unstable (circle) simulations in terms of the stability criterion
of Eq. (1.40). The numerical experiments are conducted in a wide range of Ra and
Pr (Ra ≤ 109, 101 ≤ Pr ≤ 104). We call stable region, the shaded part of the
graph below the straight line with slope equal to 1/4, our chosen value of c. The
time decoupling method improves a lot the efficiency of the algorithm when it can
be used. For example when R = 100 the temperature scheme is almost negligible.

Finally, for the third method, using different grids size for fi and gi seems to
be an efficient way to increase the Pr number as Pr ∼ (δxfl/δxT )

2. On the other
hand, this method has to be used carefully for the following reasons: at high Ra and
Pr (1) high ratios δxfl/δxT require higher order of interpolation (computationally
more demanding), (2) the thickness of the boundary layers and the plumes (δ) is
narrow compared to the size of the system (δ/H ∼ Ra−1/3). Thus, in order to
resolve the flow, we need δxfl < δ; however, large Pr numbers require HT > Hfl.
This requirement leads to large computational costs and confine the efficiency of
the spatial decoupling method only at relative small Ra and high Pr numbers. In
this last case, the use of a coarser grid for the fi scheme can help us to double or
quadruple the δt of the simulation and, consequently, to speed it up. Figure 1.3c
shows the scaling law and the numerical results obtained using two different grid
spacing for the two distributions for Pr = 10, 100, 1000. For experiments with
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Figure 1.3: In Figure a, b, c, we report respectively the ratio Ra/Racr on x axes
and the Nu number on the y axes. We compare the expected Na-Ra relation (1.31)
(solid line) with the numerical results obtained with the different methods: (a)full
coupling , (b)time decoupling and (c)spatial decoupling respectively . In all the
graphs, runs for Pr = 10, 100, 1000 are reported. In graph b, R = 1, 10, 100 for
Pr = 10, 100, 1000. In graph c, δxfl = 4δxT for Ra/Racr < 1000 and δxfl = 2δxT
for Ra/Racr < 1000. X is equal to 4. In Figured, we report stable (square) and un-
stable (circle) simulations where the value of Pr is determined using the decoupling
method. On the x axes we report δxfl/δtfl. The graph is divided into three regions:
umax/R > δxfl/δtfl (unstable region), umax/R < δxfl/4δtfl (stable region) and the
unpredictable region confined between δxfl/4δtfl < umax/R < δxfl/δtfl.
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Ra/Racr < 1000, δxfl = 4δxT and X = 4 neighbors for the interpolation (see
Eq. (1.39)). For Ra/Racr > 1000, a ratio of δxfl = 2δxT has been used. We can
notice that for a well chosen decoupling space parameter, the accuracy of the results
does not change significantly.

1.4.5 Time dependent Rayleigh-Bénard Convection

Experimental studies have showed that a time-dependent convection is expected at
highRa, even if the Pr number is much greater than the unity (Manga & Weeraratne,
1999). The transition from steady to time-dependent solutions depends mainly on
Ra number and at smaller extent on the Pr number. Once the Ra number is
such that the fluid flow is time-dependent, the fluid flow increases in complexity
(from steady to periodic solutions) and tends to become chaotic with increasing
Ra numbers. According to (Manga & Weeraratne, 1999), Rayleigh-Bénard con-
vection for a fluid with high Pr number shows a first transition to strongly time-
dependent solution around Ra = 106. Increasing Ra to 107, a new transition char-
acterized by a more chaotic behavior occurs. These two transitions have also been
observed both experimentally and numerically for fluids with time-dependent vis-
cosity (Manga & Weeraratne, 1999) and numerically (U. Hansen & Kroening, 1990)
for fluid with constant viscosity.

In Figure 1.4, we report a few snapshot of temperature field for two simulation
at Pr = 100, Ra = 106 and Pr = 100, Ra = 107 respectively. The aspect ratio of
the system is equal to three. Comparing Figures 1.4 a),b),c) and 1.4 d),f),g), we
can observe that the thickness of both thermal boundary layer( hot and cold regions
close the wall at constant temperature ) and thermal plumes decreases for increasing
Ra number. We can also observe that at the lowest Ra, the flow pattern is mainly
dominated by large scale circulation (note the persistence of the hot thermal plume
at the center of the system). A more complex temperature field can be observed
for the experiment with higher Ra. In particular, in Figure 1.4 d),f),g) we observe
the chaotic rising and sinking of thermal plumes across the system as expected from
previous works.

1.5 Conclusion

In this first chapter we gave a quick introduction about the LB method, intro-
ducing all the needed tools for the numerical implementation of an hydrodynamic
and advection diffusion scheme. We also introduced the Multi-Distribution function
approach and show how the particle distribution functions fi and gi, that obey re-
spectively an LBGK evolution for isothermal hydrodynamic and advection diffusion
system, can be coupled to simulate natural thermal convection.
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f.  t*= 4.3*10-2c.  t*=4.3*10-2

b.  t*= 10-2 e.  t*= 10-2

a.  t*=4.6*10-3 d.  t*= 4.6*10-3

Figure 1.4: Temporal evolution of the temperature field during RB convection for
Pr = 102, Ra = 106 (a,b,c) and Pr = 102, Ra = 107 (d,e,f). The aspect ratio H/L
is equal to three. Red color indicates a temperature equal to Thot and deep blue
temperature equal to Tcold. A linear color gradient between the two color limit is
used (green color indicates T ∗ = 0.5). A persistent plume in the middle of the
system can be noticed for the Ra = 106. For Ra = 107 the motion of the plumes
are more chaotic. The internal fluid get hotter with time (dimensionless) where
t∗ = j ×αlu × δx2fl and j are the time steps of our calculation. Looking at Figure c.
and f., we can observe how the homogenization process for the temperature is more
efficient for higher Ra number. In the different snapshot, we can also observe how
the average thickness of the plume and the boundary layers decreases for increasing
Ra.



Chapter 2

A pure substance melting/solidification
LB algorithm

2.1 Introduction

One of the main aim of this thesis is to numerically investigate thermal reactive flows
in porous media. Thermal reactive processes involving melting/solidification can be
viewed as part of a larger class of problems where interactions between reactants
and solid matrices drive the dynamics of the system. For example, geochemical and
biochemical processes, involving mineral precipitation or biofilm growth, belong to
this class of problems. In convective environments, the reactants (either chemicals
or heat) are advected by the fluid flow. In these cases, the interplay between the
fluid flow and the reactive front (melting/solidification moving boundary in the case
of thermal reaction) leads to a complex dynamical behavior, as the position of the
solid-liquid interface becomes one of the unknowns of the problem (Jany & Bejan,
1988).

The modeling of dissolution or solidification processes requires an algorithm that
solves the evolution of solid/liquid interfaces. Problems involving moving boundaries
generally requires complex algorithms such as as front tracking (Bertrand et al.,
1999), adaptative grid (Mencinger, 2004), level set (Tan & Zabaras, 2006), phase
field (Boettinger et al., 2002) or volume-of-fluid (VOF) (Hirt & Nichols, 1981) meth-
ods. The applications of these numerical methods become significantly more difficult
when applied to complex geometries such as those found in porous media. These
challenges can be addressed efficiently with mesoscale approach where the dynamics
is described by simple local rules (i.e. Cellular Automata and Lattice Boltzmann).
Recently the lattice Boltzmann scheme has been used to investigate minerals precip-
itation and dissolution by single phase fluid flow in porous media (Kang et al., 2005,
2006). This method was applied for both linear and complex reaction processes in
Kang et al. (2006).

In this chapter, we introduce a new LB method to model pure substance con-
duction and convection melting. The model and the following results have been
published in Huber et al. (2008). The LB method for melting/solidification in con-
vective environment is based on the coupling between a MDF LB thermal model (see
Section 1.4) and a modified version of a LB phase transition algorithm proposed by
Jiaung et al. (2001). In the next sections the melting model is discussed and tested
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Figure 2.1: Schematic representation of the conduction melting problem.

in details as it constitutes an important aspect of the following chapters. First, we
introduce the problem of conduction melting in a half space for which an analytical
solution is known and second, we show how to extend to algorithm to study natural
convection melting.

2.2 Background for pure substance melting

The problem of half space conduction melting with homogeneous, isotropic thermal
diffusivity, that it is also called Neumann-Stefan problem, has been solved analyti-
cally in 1860 by Neumann. This problem studies the evolution of the melting front
position with time (melt-solid moving boundary) due to the exchange of heat be-
tween a molten (fluid) and its solid regions (pure substance melting, e.g. water/ice).
Heat transfer in the liquid is given by

∂T

∂t
= α∇2T, (2.1)

where T is temperature, and α the thermal diffusivity. At the melt-solid boundary,
when the solid is kept at the melting temperature, the energy balance requires that

α

(
∂T

∂x

)

x=xm

=
Lf

c

dxm
dt

. (2.2)

Here, c is the heat capacity, xm is the position of the melting front and Lf the latent
heat of fusion (see Figure 2.1). The problem is often recast by separating enthalpy
in a sensible heat and a latent heat term (Faghri & Zhang, 2006),

∂T

∂t
= α∇2T − Lf

c

∂fl
∂t
, (2.3)

where fl is the melt fraction; or in dimensionless form,

∂T ∗

∂t∗
= ∇2T ∗ − 1

St

∂fl
∂t∗

(2.4)
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where the dimensionless scalings are T ∗ = (T −T0)/(T1−T0); x
∗ = x/l, l is the nat-

ural length scale of the system; t∗ = tα/l2. T1, T0 are respectively the temperature
of the superheat applied on the liquid and the initial temperature of the solid (or, in
the case of no undercooling, when the solid is initially at the melting temperature).
St is the Stefan number, St = c(T1 − T0)/Lf . It is important to note that Eq. (2.1)
together with Eq. (2.2) are exactly equivalent with Eq. (2.3). Whereas the first
version ensures thermal energy balance at the interface through a boundary con-
dition, the second introduces the latent heat contribution in the diffusion equation
as a sink term. As a result, when the latter is discretized, a careful choice of time
step is required in order to ensure energy conservation at the interface otherwise the
sink term can prevail over the heat transport and lead to non-physical behavior (for
details see Section 2.2.1). For a system starting with zero undercooling, Neumann
found that the solution in the liquid half-space is given by

T (x, t) = T1 − (T1 − T0)
erf(x/(2

√
αt))

erf(λ)
, for 0 ≤ x ≤ xm(t) (2.5)

xm(t) = 2λ
√
αt (2.6)

where xm is the melting front position and λ is a constant calculated as:

λexp(λ2)erf(λ) =
St√
π

(2.7)

2.2.1 A LB algorithm for pure substance melting

Different LB approaches have been proposed for solid-liquid phase transitions, they
can be grouped in two methods: (1) the phase-field method using the theory of
Ginzburg-Landau (Miller & Succi, 2002; I. Rasin & Succi, 2005; Medvedev & Kassner,
2005) and (2) enthalpy-based methods (Jiaung et al., 2001; Chatterjee & Chakraborty,
2005). We use a sightly modified version of the Jiaung et al. (2001) melting scheme
for the conduction case, using a D2Q5 topology (see Section 1.3.2). Jiaung et al.
use an iterative enthalpy-based method to solve for both the temperature and melt
fraction fields at each time step. The melting term is introduced as a source (crys-
tallization) or sink (melting) term in the collision step. In summary, at the time-step
n and iteration k, the macroscopic temperature is calculated

T n,k =
4∑

i=0

gn,ki , (2.8)

where T n,k ≡ T k(t = n). The local enthalpy is obtained by

Enn,k = cT n,k + Lff
n,k−1
l (2.9)

with the liquid fraction fl of the previous iteration. Finally, the enthalpy is used to
linearly interpolate the melt fraction

fn,k
l =







0 Enn,k < Ens = cTm,
Enn,k−Ens

Enl−Ens
Ens ≤ Enn,k ≤ Ens + Lf ,

1 Enn,k > Ens + Lf ;

(2.10)
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where Ens and Enl are the enthalpies of the solid and the liquid at the melting
temperature and Tm. The collision is then calculated

gn,k+1
i (x+ ei) = gi(x)−

1

τh
(gi(x)− geqi (x))− ti

Lf

c

(

fn,k
l (x)− fn−1

l (x)
)

(2.11)

until the temperature and the melt fraction field converge to within a set tolerance.
The equilibrium distribution function for conduction processes is:

geqi = tiT. (2.12)

The thermal diffusivity α is determined, as usual, by the choice of the relaxation
time τh (see Eq. (1.29)). The time-step n + 1 is calculated using the same proce-
dure. Jiaung et al. (2001) obtain accurate solutions for O(10−1) ≤ St ≤ O(1) and
a relaxation time τh = 1. For the sake of efficiency, we modified the scheme and
set the number of iterations to k = 1 ∀n at the expense of the accuracy. However,
we performed tests revealing that, over the range of parameters used in this study,
setting k = 1 has negligible effects, but becomes valuable for the computationally
intensive convection melting problems.

As the Jiaung et al. (2001) scheme is a LB version of Eq. (2.3), we show that
special attention must be given to the choice of parameters used in the numerical
calculations. Using the total time of the evolution tmax as the timescale, we get a
new non-dimensional version of the differential equation

∂T ∗

∂t∗
=
αtmax

l2
∇2T ∗ − 1

St

∂fl
∂t∗

. (2.13)

Eq. (2.13) shows that for a melting event the temperature evolution is subject to a
source term (the heat transported from the hot wall) and a sink term (the heat con-
sumed by the phase change). When αtmax/l

2 < Cte St−1, the sink term dominates
and the temperature can locally decrease below the initial solid temperature, in con-
tradiction with the phase change associated with pure substance melting. Therefore
the choice of spatial and temporal discretization is important (will modify αtmax/l

2),
especially at low thermal diffusivity. Accordingly, we modified the collision step to
ensure no heat transfer in parts of the domain where the enthalpy has remained
equal to the initial enthalpy of the solid. This is done by applying the collision as
in Jiaung et al. (2001) for every site x where the enthalpy En(x) > cTini and using
bounce-back for the remaining sites. This is equivalent to forcing the boundary
condition of Eq. (2.2) in the Jiaung et al. scheme. As a result, the temperature
field obtained numerically is in better agreement with theory, especially when using
small relaxation times (0.5 < τh < 1) and a small number of time steps.

On the other hand, if the Stefan number is high compared with αtmax/l
2, there

will be a limit at which the scheme cannot solve the evolution of the melting front.
The condition is that the melting front velocity dxm/dt does not exceed the lattice
speed dx/dt. Using Eq. (2.5), Eq. (2.6) and Eq. (1.29), in lattice units, this condition
translates to

τh < 0.5 + 3
1

λ2
(2.14)

which gives approximately τh < 3.5 and τh < 48.5 for respectively St = 10 and
St = 0.1. In Eq. (2.14), λ is given by Eq. (2.7).
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The conduction melting algorithm can be easily extended to also include ad-
vection processes. For the advection processes, the equilibrium function (1.26) has
to be used instead of (2.12). By properly coupling the advection-diffusion melt-
ing/solidification scheme with a second particle distribution function for isothermal
single phase flow, convection melting (Huber et al., 2008) , or advection of heat
with thermal reaction process in complex geometries can be studied. In the next
chapter we use this new algorithm to investigate reactant transport in porous media
geometries.

When the LB algorithm for pure substance melting/solidification processes is
used in the context of fluid flows, special care has to be taken for the treatment of
lattice nodes that undergo phase change. When the local enthalpy of a lattice node
x is such that melting happens, the distribution functions fis are initialized at the
equilibrium values f eq

i (ρ,u) with a reference density value (ρ = ρ0) and a zero veloc-
ity (u = u0 because of the no-slip boundary condition applied to the solid). We also
used a velocity extrapolated from the neighboring fluid sites, and found no notable
differences. Additionally the collision step for the fluid distribution is modified ac-
cordingly, and we perform the standard collision of Eq. (1.7) at every site where the
liquid fraction is above 0.5 (this choice is arbitrary and represents the limit at which
most of the voxel of the given site is in the fluid state) and bounce-back everywhere
else. For the wall boundary conditions, bounce-back is applied on the flat walls for
the fluid distribution. For the sake of simplicity, especially for complex geometries,
we use on-grid bounce-back. Using this scheme, the macroscopic Eq. (1.27) for the
advection and diffusion of the temperature has to be substituted with:

∂T

∂t
+ u · ∇T = α∇2T − Lf

c

∂fl
∂t
, (2.15)

where the last term expresses the pure substance melting/solidification effect.
We emphasize that the choice of the thermal diffusivity for solid and liquid phases

can assume different values; moreover, the viscosity can be set to be a function
of the temperature by rescaling the relaxation time of the fluid distribution τfl
accordingly (Guo & Zhao, 2005). The algorithm can be easily extended to 3D by
simply changing the lattice topology. In our work, we use D3Q7 and D3Q19 lattices
for AD and NS LBGK schemes respectively (see Sections 1.3.2 and 1.3.1).

2.2.2 Validation of the LB scheme for conduction melting

We validate the algorithm for phase change of a pure substance studying the Neumann-
Stefan problem in a 2D geometry. For this experiment, we only need to resolve a
diffusion melting scheme. We work with a D2Q5 lattice with weights and velocities
as reported in chapter 1. Periodic boundary conditions are applied to the upper and
lower walls (see Figure 2.1). The numerical results obtained for conduction melting
problems are summarized in Figures 2.2 and 2.4. We use a 100 × 5 grid for all runs,
the geometry and boundary conditions are illustrated in Figure 2.1. Figure 2.2(a)
shows the melting front position as function of time for three different thermal
diffusivities α = 0.033, 0.36 and 0.7 in lattice units, corresponding to relaxation
times τh of 0.6, 1.6 and 2.6 respectively with a fixed Stefan number of St = 1. Fig-
ure 2.2(b) shows the temperature distributions at the end of each run (corresponding
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Figure 2.2: Comparison of the evolution of the melting front position (a), and the
temperature distribution after 10000 iterations (b) in the conduction case for three
different thermal diffusivities and their respective analytical solutions (lines) from
Eq. (2.5) and Eq. (2.6)), with Stefan number St = 1.
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to 10,000 time steps) shown in Figure 2.2(a). The result of each of these simulations
is compared with their respective analytical solutions (Eq. (2.5),Eq. (2.6)). For both
melting front position and temperature, the numerical and analytical results are in
good agreement. However, as expected, the fit is better at low thermal diffusivity
for the explicit scheme, which, for a fixed grid spacing, is equivalent to smaller time
steps, or, for fixed time steps, is equivalent to a better spatial resolution.

Figure 2.3 shows the effect of the temporal resolution and the Stefan number on
the results obtained for both melting front position and temperature. For each figure,
we chose three relaxation times (0.6, 1.6 and 2.6) and ran for the same dimensionless
time t∗ = tα/l2. Again, the results are in good agreement with the analytical
solutions. However, the runs corresponding to the highest thermal diffusivity (α =
0.7), i.e. the runs with the worst temporal resolution (at least ten times fewer
iterations), resolve the interface less accurately. The variation of the Stefan number
over two orders of magnitude does not change the aptitude of the explicit algorithm
to solve the Neumann-Stefan problem.

The errors for the temperature distribution and the melting front position can
be defined respectively as:

δT =

nx−1∑

i=0

|T (xi, t)− T th(x = xi, t)|
nx−1∑

i=0

T th(x = xi, t)

and (2.16)

δxm(t) =
|xm(t)− xthm(t)|

xthm(t)
, (2.17)

where the superscript th refers to the theoretical solution. Figure 2.4(a) shows the
evolution of the relative melting front position error with time for a Stefan number
of 0.13. The error in the melting front position decreases rapidly to reach of few
percents after t∗ = 0.2. As expected, the results get better with better temporal
resolution. The same feature is observed for the error in the temperature distribution
δT of Figure 2.4(b). Finally, we investigate the dependence of the error in the Stefan
number. Figure 2.4(c-d) shows that the error on the melting front position decreases
with increasing St. This result is expected as the possible error introduced by the
explicit algorithm to solve for the non-linear term of Eq. (2.4) is multiplied by St−1

and consequently decreases as the Stefan number increases.

2.2.3 Convection Melting in Porous Media

The model we describe in this thesis can solve problems of melting in porous media
without any modification. Convection melting in complex geometries (porous media)
have many application in geosciences. For example, in volcanic settings, magma
chambers host complicated dynamics with coexisting solid and liquid phases (as
well as gas phases in general). Magmatic systems experience a complex temporal
evolution with successive stages of reheating (related to injection of new magma for
example) and cooling, resulting in a corresponding complex evolution of the local
melt fraction by either melting or solidification. High energy reheating events are
invoked to explain several eruptions of systems with relatively high crystallinity
(around 40− 50%) (Bachmann & Bergantz, 2003, 2006).
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Figure 2.3: Comparison of the melting front position and temperature profiles for the
same three thermal diffusivities with Stefan number St = 0.13 (first row), St = 1
(second row) and St = 10 (third row). Time is made dimensionless in order to
compare the sensitivity of the model to the size of the time-steps.
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Figure 2.4: (a) Relative error on the position of the melting front and on the tem-
perature distribution (b) for the data of Figure 2.3 (St = 0.13); (c) Relative error
on the position of the melting front and on the temperature distribution (d) for
α = 0.366 and St = 0.13, 1 and 10 respectively.
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Figure 2.5: (Porous media convection melting. For each θ, two plots are shown, the
temperature field in the upper row and the melt fraction in the lower row (where
blue represents the solid).

We apply our LB convection melting model to a simulation of pure substance
melting in a synthetic porous media (porosity of 45%). We use a 400×400 grid, the
thermal diffusivity and the viscosity are set respectively to 1/3 and 1/6 in lattice
units. The simulation is set with Pr = 0.5 and St = 1.3 (arbitrary choice). Results
are shown in Figure 2.5. The domain is heated from below at a fixed temperature
(above the melting temperature), the side walls are treated as periodic boundaries
(for both temperature and fluid distributions) and the top wall is set as a no-slip,
fixed temperature (melting temperature) boundary. The system melts from the
lower to upper boundary until it reaches a critical average height that enables large
scale convection. After this point, the melting rate is dominated by convection. The
average pore-size is small enough to block convection beyond the melting front. In
contrast with the Neumann-Stefan problem, the melting front boundary is not flat
because of horizontal temperature gradients due to the inhomogeneous distribution
of the solid.
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2.3 Conclusion

Lattice Boltzmann models offer a simple and powerful alternative to classic numeri-
cal methods when dealing with reactive flow in complex geometries. In this chapter,
we presented an explicit lattice Boltzmann scheme that solves conduction and con-
vection melting. This is done by adding a sink/source term for the latent heat
absorption/release during melting/solidification processes to the LBGK advection-
diffusion scheme for the temperature evolution (Section 1.3.2). We compare the
analytical solution of half-space conduction melting problem with homogeneous,
isotropic thermal diffusivity, with the numerical results obtained with our algorithm
and find good agreement. We also show that the model presented here allows us,
without any subsequent modification, to study of convection melting in porous me-
dia.





Chapter 3

The importance of pore-scale effects in
porous media flows

3.1 Introduction

Porous media flows are ubiquitous in natural and engineering systems. In geo-
sciences, for example, porous media flows strongly influence the distribution and
transport of chemical components and heat in the Earth as thermal and molecu-
lar diffusivities are in most natural setting fairly low. In this chapter the reader
is introduced to this topic. In particular we will discuss the importance of a pore-
scale approach on an accurate calculation of the flow properties. For instance, in
this chapter, we focus on questions (1) and (2) listed in the introduction chapter,
namely:

• Are pressure and buoyancy-driven single phase flows in porous media equiva-
lent?

• How does dissolution/melting influence the mass and reactants/heat transport
in porous media?

We tackle again the problem numerically, resolving for the discharge of a single phase
fluid and reactants in porous media using the previously discussed lattice Boltzmann
algorithms.

Often, the discharge of mass in porous media is investigated by using an averaged
macroscopic description of the flow based on Darcy’s equation. Darcy’s equation
relates the steady-state discharge of an incompressible Newtonian fluid through a
porous medium when the forcing exerted on the fluid (either a pressure gradient,
obtained by applying a forcing at the boundary of the porous medium or buoy-
ancy/gravity force, a bulk or volume force) is small enough so that inertia can be
neglected. The permeability is the constant, determined by the topology of the
porous medium, that relates linearly the forcing acting on the fluid and the dis-
charge (more informations about Darcy’s equation are reported in the next section).
For reactive processes, in the limit of low reaction rate (i.e. in the limit where the
flow remains at steady state), a constitutive law for the evolution of the permeabil-
ity during the reaction is required in addition to Darcy’s law. These constitutive
equations can be determined from analytical, laboratory (Bedrikovetsky et al., 2006,
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2007) and/or numerical studies (Kang et al., 2010). The determination of constitu-
tive laws for permeability, dispersivity of reactants, tortuosity etc., is for sure one
of the key areas where pore-scale simulations of flows in porous media are of in-
valuable help. Compared to laboratory experiments, pore-scale calculations allow
an easy control on spatial heterogeneities at the pore level. To obtain meaningful
constitutive equations that can be used at the Darcy’s scale, however, requires up-
scaling procedures that have to be performed on big enough porous media samples.
The challenge of pore-scale numerical calculations, then, is to be able not only (1) to
resolve for a proper pore-scale physics, but also (2) to be numerical efficient (paral-
lel algorithms). The lattice Boltzmann technique, therefore, is a good candidate to
solve this class of problems (Meakin & Tartakovsky, 2009; Aidun & Clause, 2010).

However, in this chapter, we intend to show some of some limitations of models
based on Darcy’s equation. By performing pore-scale simulations of flows in porous
media, we show that the difference in flow-field at the pore-scale between pressure
and buoyancy/gravity driven flow can significantly effect the discharge of the fluid
through a porous medium, especially at low porosity. In Darcy’s description, these
two are equivalent as exemplified by the definition of the piezometric head ψ which
encompasses both pressure and elevation head (table 3.1 lists the different symbols
used in this chapter). Therefore, for Darcy’s law, the discharge calculated from
the flows with the same piezometric head gradient are identical irrespective to the
nature of the piezometric head, pressure head or elevation head dominated. Natural
flows can be either buoyancy-driven or pressure-driven and even have components
of both. In laboratory experiments, pressure-driven flows are used to determine the
permeability of natural samples in permeameters.

Darcy’s equation, however, does not describe the actual flow field at the pore-
scale, but computes a statistical average of the flow, the discharge. For controlled
pressure-driven flows, the forcing is applied at the boundaries through pressure con-
ditions. These controlled boundary conditions are constraints that the flow field has
to satisfy. For buoyancy-driven flows, at the contrary, the force is a bulk property and
the flow is free from any external constraint (such as fixed isobaric surface). There is
therefore no reason to expect that the pore-scale flow-fields obtained at steady-state
for buoyancy and pressure-driven flows will be identical, even for equivalent piezo-
metric head gradients. In this study, we show that the differences in flow field at the
pore-scale between these two types of flow is controlled by the tortuosity and there-
fore in most cases by the porosity of the porous media. We use a numerical model
based on the lattice Boltzmann method to show that at low porosity (φ ∼ 20%),
the permeability that would be obtained from pressure or buoyancy-driven flow ex-
periments on the same sample with the same applied piezometric head gradient are
different by about 90%. This results are in contradiction with the definition of per-
meability being a sole function of the topology of the porous media. The break-up
of the equivalence between pressure and buoyancy-driven flows in porous media is
even more significant when a scalar field such as temperature or chemical compo-
nents is advected and dispersed in the porous media and can react with the solid to
modify dynamically the flow pathways by melting or dissolution. The amplitude of
the permeability difference calculated from the flow fields in these cases is controlled
by the Peclet number (ratio of advective to diffusive fluxes) and the Stefan number
(measure of the melting efficiency). The contradiction between Darcy’s model and
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Table 3.1: List of parameters and symbols
Symbol Description Units
φ porosity
ρ density of the fluid phase kg m−3

ψ piezometric head m
µ dynamic viscosity
ν kinematic viscosity µ/ρ m2 s−1

c specific heat J (kg K)−1

g acceleration due to gravity m s−2

k permeability m2

K thermal conductivity J (s K m)−1

Lf latent heat of fusion J kg−1

p pressure Pa
T temperature K
u velocity vector m s−1

ud Darcy’s velocity m s−1

z elevation head m
Pe Peclet number = advective/diffusive flux
St Stefan number = sensible/latent heat
T tortuosity factor

our results is related to the scale at which the flow is resolved, Darcy equation is a
macroscopical description of the flow (statistical average) whereas our calculations
solve for the flow field at the pore-scale. These calculations highlight the importance
of pore-scale effects on the macroscopical mass transport in porous media, the effect
of which becomes even more important when the physics at the pore-scale becomes
more complicated with feedbacks leading, for example, to the temporal evolution of
the permeability as function of dissolution or precipitation.

In the next sections, we first describe the differences between the description
of porous media flows at the Darcy’s and at the pore-scale. Second, we shortly
introduce the method that we use to explore the pore-scale dynamics controlling
the mass and reactant discharge in the porous medium. In the third section, we
show the discrepancies between the permeabilities and, when reaction processes are
taken into account, the temporal evolution of porosity under pressure and buoyancy
driven flows conditions.

3.2 Physical model

The discharge of a Newtonian incompressible fluid through a porous media at low
Reynolds number is described by Darcy’s equation (Darcy, 1856; Bear, 1972)

ud =
kρg

µ
∇ψ, (3.1)

where k is the permeability, which is assumed to be solely dependent on the geometry
of the porous medium. In Eq. (3.1), ρ is the density of the fluid phase, µ its dynamic
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viscosity, g the acceleration due to gravity and ψ is the piezometric head, defined
as:

ψ =
p

ρg
︸︷︷︸

pressure head

− z
︸︷︷︸

elevation head

. (3.2)

Therefore, from the perspective of Darcy’s equation, for a given fluid, the discharge
is the same for a given porous medium subjected to equivalent piezometric heads,
should it be pressure or buoyancy (elevation head) dominated.

The general momentum conservation equation for a Newtonian fluid of density
ρ and kinematic viscosity ν is described by Navier-Stokes equation:

∂u

∂t
+ (u · ∇)u = −∇p

ρ
+ ν∇2u+ g. (3.3)

The first and last term of the right-hand side are respectively the pressure gradient
and gravity/buoyancy terms. Darcy’s equation applies when inertia can be neglected
(low Reynolds number) and when the scale of the volume over which the discharge
is computed is much greater than the pore-scale. The pressure and elevation head
terms in the Darcy’s equation are equivalent to the pressure and gravity/buoyancy
terms in Navier-Stokes. Although the piezometric head description of Eq. (3.2)
illustrates the equivalence between pressure and buoyancy-driven flows in porous
media, these two terms have a fundamental conceptual difference. The pressure
term comes from the budget of surface forces applied on the boundaries of a given
volume element of fluid, whereas the gravity term is a bulk force defined over the
whole volume of the fluid phase.

The flow fields at the pore-scale obtained from a pressure and a buoyancy-driven
flow with an identical piezometric head gradient (at the Darcy’s scale) can be dif-
ferent because of the presence or absence of constraint imposed on the flow at the
boundaries . For flows in simple geometries, like conduit flows with no internal ob-
stacle, the flow field can be solved using Stokes equations for both types of flows.
The solutions are identical for a given piezometric head gradients, and as a conse-
quence so is the discharge through the channel. The subsistence of the equivalence
between pressure and buoyancy-driven flow is in this case the consequence of the
simple geometry, flow lines connect one end of the conduit to the other as straight
lines parallel to the conduit. As a result, the pressure distribution at the ends of
the conduit for both pressure and buoyancy flows is identical which explains the
equivalence between the two flows.

The disagreement between buoyancy and pressure-driven flows is therefore ex-
pected to be a function of the complexity of the flow-lines in the porous media. A
direct measure of their geometry in a porous medium is the tortuosity factor T (see
Figure 3.1).

The tortuosity factor is defined as (Bear, 1972)

T =

(
L

Le

)2

, as the tortuosity ր ⇒ T ց (3.4)

where L and Le are respectively the distance between two reference points (here
the two boundary conditions around the porous media) and the average length of
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the flow path between the same reference points. As we will assume that the flow
as reached steady-state, the flow paths are equivalent to streamlines and follow the
velocity field of the flow. Figure 3.2 shows a schematic picture in 2D of the isobaric
surface at the outlet for both flow pressure and buoyancy-driven flow conditions
(with the same piezometric gradient at the macroscale). Here the piezometric head
gradient is along y and given by

∂ψ

∂y
= ∆ρg. (3.5)

An isobaric surface satisfy (here in 2D for the sake of this argument)

∇p · ds = 0, (3.6)

where ds is the unit vector tangential to the isobaric surface S. In the limit of small
tortuosity (T ∼ O(1)), we can assume that

∂p

∂y
∼ ∆ρg. (3.7)

Using Eqs (3.6) and (3.7), we obtain

∂p

∂x
= −∆ρg

dsy
dsx

. (3.8)

where the dsα are the two components of the vector ds in 2D. The distance Le that
the flow travels along a streamline dl = (dlx, dly) is

As dl is parallel to u locally (streamline) and u is in turn parallel to ∇p , it
turns out that

dsy
dsx

∼ dlx
dly

(3.9)

and as a consequence that
∂p

∂x
∼ T −1/2. (3.10)

The difference in topology of the isobaric surfaces for pressure and buoyancy driven
flows is proportional to ∂p/∂x and therefore inversely proportional to the square
root of the tortuosity factor T .

As tortuosity is difficult to measure accurately in natural samples, we will use
the porosity of the porous medium as an indirect proxy for tortuosity and show that
the difference between permeability calculated with pressure or buoyancy-driven
flows depends on the porosity. The relationship between tortuosity and porosity is
however not unique, it is easy to conceive for example a porous medium consisting
of an array of capillary tubes parallel to the flow direction where the tortuosity
becomes independent from the porosity. In more random topologies like natural
porous media however, for a given distribution of complex pores, the porosity is
however generally inversely proportional to the tortuosity.

The breakup of the equivalence of piezometric head gradients can have a strong
effect on the dispersion of scalar fields advected by the pore-scale flow. This differ-
ence can be further exacerbated for flows where the dispersed scalar reacts with the
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Figure 3.1: (a) Schematic description of the concept of tortuosity in porous media.
The tortuosity factor is the square of the ratio of the lenght of the actual flow-path
and a straight line linking here the inlet to the outlet bounding the porous media
(see Eq. (3.4)). (b) Illustrates the different flow-paths calculated with the lattice
Boltzmann model in a synthetic 3D porous media, where only the lower half of the
porous media is shown.
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pressure-driven buoyancy-driven

Figure 3.2: Schematic description of the lengthscales ds tangential to isobaric sur-
face, dl tangential to the streamlines, Le streamline lenght and L distance between
the inlet and outlet boundary conditions.
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porous medium to either increase or decrease the porosity and permeability locally.
The advection-diffusion equation for the scalar field transported by the incompress-
ible fluid is described by (here for heat transport)

∂ (cρT )

∂t
+∇ · (ucρT ) = ∇ · (K∇T )− ρLf

∂φ

∂t
, (3.11)

where c, Lf , K, T and φ are respectively the specific heat, latent heat of fusion,
thermal conductivity, temperature and porosity. This equation coupled to Eq. (3.3)
represent the conservation of energy and momentum for the fluid. Assuming that
Darcy’s equation is a suitable description of the momentum equation (at a much
greater scale than the pore size), the system of equation becomes

ud =
kρg

µ
∇ψ (3.12a)

∂ (cmixρmixT )

∂t
+∇ · (udcflρflT ) = ∇ · (Kmix∇T )− ρsLf

∂φ

∂t
, (3.12b)

where the subscripts s, mix and fl refer respectively to the solid, solid-fluid mix-
ture and fluid phases. This set of equations requires a constitutive equation relating
porosity and permeability that evolves through time as melting/solidification pro-
ceeds. Two natural dimensionless numbers arise naturally from the energy equation,
the Peclet number Pe = ρcfludd/K, where d is the average pore radius, and, the
Stefan number St = cs∆T/Lf . The Peclet number measures the importance of the
advective flux relative to the diffusive flux, and, as such, quantifies the influence of
differences of flow fields at the pore-scale on the dispersion of the scalar field (here
T ).

3.3 Methods

In this chapter we want to resolve 3D dynamics of a single phase fluid flow in
porous media for both isothermal and thermal reactive environments. For isothermal
simulations, a 3D version of the NS LBGK algorithm presented in chapter 1 is
employed. As a function of the pressure or buoyancy driven nature of the problem,
inlet-outlet boundary condition with fixed pressure values (see Section 1.3.3) or
periodic boundary condition plus a bulk-force term that mimic the effect of the
gravity (see Eq. (1.21)) are used.

For thermal reactive flows, pressure and temperature fields at the pore scale are
resolved using the MDF algorithm for thermal flows (see Section 1.4), where the
sink/source term for latent heat contribution described in Section 2.2.1 is taken
into account. We let the reader notice that here we resolve a forced convection
problem, which means that the change in fluid density due to thermal expansion
is considered as negligible and then the only driving force of the fluid is either a
pressure gradient or bulk force (e.g. gravity, buoyancy). From the numerical point
of view this implies that we implement an MDF algorithm only using a one way
coupling (the velocity field u, solution of the hydrodynamic algorithm, is used to
advect the temperature field T ). At the same time we can think of the change in
porous geometry due to thermal dissolution as an implicit coupling between the fluid
flow and the temperature field.
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Figure 3.3: Example of a texture build with the nucleation and growth algorithm.
This texture contains approximately 20’000 crystals. We obtain various porosities
by removing the latest crystallized phases.

In both isothermal and thermal applications, the interaction between the fluid
flow and the porous media is implemented by using the bounce-back boundary
condition for the population fi. For the temperature scheme, we set the inlet wall
at fixed temperature Thot (heat source). At the outlet wall, we use finite differences
for imposing a second derivative of temperature perpendicular to the wall direction
∂2T/∂2z equals to zero.

The porous media are obtained from a nucleation and growth algorithm based on
the model of Avrami (1940) and modified from Hersum & Marsh (2006). We grow
4 textures, each containing about 20’000 crystals with an average size of about 10
lattice nodes. The different textures are grown until the crystallinity reaches 1, we
obtain different porosities out of a single texture by removing the latest crystallized
phases (see Figure 3.3). For more details about the algorithm, consult Huber (2009).



46 Chapter 3

3.4 Results

In this section we first test the effect of porosity (indirectly tortuosity) on the
breakup of the equivalence between pressure and buoyancy-driven isothermal flows.
In the second part, we show that the dispersion of a scalar field (here tempera-
ture) in the porous medium is clearly affected by the difference in the flow field at
the pore-scale. This difference is emphasized in reactive flows where the flow field
evolves dynamically in response to melting.

3.4.1 Isothermal flows

Figure 3.4 shows an example of velocity magnitude difference (a) and pressure field
difference (b) between pressure and buoyancy-driven flows. The porous medium in
this two cases has a porosity of 0.3. The buoyancy force or pressure gradient is
such that the fluid flows from the bottom to the top of the numerical domain. The
magnitude of the maximum difference in pore velocity field is shown in Figure 3.4(a).
In this particular case, it is about 5 × 10−6 in lattice units, or about 20 times
greater than Darcy’s velocity in this particular case. The difference in pressure
fields, Figure 3.4(b), shows that the largest difference is at the top and bottom
boundaries where the fixed pressure is applied for the pressure-driven case. This
result is in good agreement with the idea that the difference between these two
flows stems from the presence or absence of a controlled pressure constraint at the
bottom and top boundaries. As Darcy’s equation describes steady-state flows at
low Reynolds numbers, this pressure difference at the boundaries propagates back
through the whole porous medium.

We computed the permeability at different porosities (between 0.2 and 0.7) for
different textures for both buoyancy and pressure-driven flows (here only two are
shown as the others display the same overall features). The results are shown in
Figure 3.5(a) and display the typical power-law relationship between porosity and
permeability (Carman, 1956). We also observe that the permeability inferred from
buoyant flows is significantly lower than their pressure counterpart at low porosity.
The relative difference between the permeabilities obtained for the two types of flow
is shown in Figure 3.5(b). As expected, porosity controls the breakup of the equiv-
alence between pressure and buoyancy-driven flows in porous media, with relative
differences of about 90 % at low porosity (0.2) and decreasing as a power-law with
porosity. We find that the relative difference in permeability depends on the porosity
like:

kp(φ)− kb(φ)

kp(φ)
= 4.6(±0.5)× 10−3φ−3.10±0.01, (3.13)

where kp and kb refer respectively to the permeability computed under pressure and
buoyancy-driven conditions.

3.4.2 Reactive flows

In this section, we use a porous media with an initial porosity of 0.5, and let the
flow reach steady-state isothermally (T = 0) before increasing the lower bound-
ary temperature to T = Tmax = 1. The melting temperature is set to the initial
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Figure 3.4: Comparison between the magnitude of the velocity of the flow field
(a) and pressure field (b) at the pore-scale for pressure and buoyancy-driven flows.
The magnitude of the pore velocity difference is comparable with Darcy’s velocity
and the maximum pressure difference is on the order of a few percents of the fixed
pressure drop between the lower and upper boundaries for the pressure-driven flow
.

Figure 3.5: (a) Calculated permeability-porosity relationship for pressure and
buoyancy- driven flows with identical piezometric head gradients using two differ-
ent porous media (sample 1 and 2). For each porous medium, the permeability
obtained under pressure-driven conditions exceed the permeability calculated from
buoyancy-driven condition at low porosity. (b) shows the relative difference between
the permeabilities calculated under pressure (kp) and buoyancy-driven (kb) condi-
tions for a range of porosities. The relative difference increasing with decreasing
porosity.
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temperature Tmelt = 0. The melting efficiency of the system is described by the
Stefan number St = cs(Tmax − Tmelt)/Lf = cs/Lf which is set here to 0.05. As
mentioned in the theory, the Peclet number is expected to have a strong influence
on the dispersion of heat and hence the melting of the porous media. At large Pe,
the evolution of the porous medium for the two types of flow is expected to diverge
more even for identical piezometric head gradients. In the following calculations, the
Peclet number is fixed to 0.8 for numerical stability reasons. The numerical model
we use in this section shows numerical instabilities for buoyancy-driven flows with
10−1 < Pe < 1, which result in a negligible overestimate of the melting efficiency
for buoyancy-driven flow of about 0.1 % for Pe ∼ 1.

At φ = 0.5, the relative difference in permeability between pressure and buoyancy-
driven flows is only about 2%. As the flow goes from the lower to the upper part
of the numerical domain, as shown in Figure 3.6, the porous medium starts to melt
from the bottom. Although qualitatively similar, the temperature and melting dis-
tribution is different between pressure and buoyancy-driven flows at the pore scale.
The difference is highlighted by computing the difference in temperature fields be-
tween the two types of flow (Figure 3.7(a)) or the distribution of crystals that melted
for one type of flow but not the other (Figure 3.7(b)).

In a more quantitative way, we compute the evolution of the porosity of the
texture as a function of time. Over the course of the calculation, the porosity
increases by about 12 % in both cases. The temporal evolution of the porosity
is shown in Figure 3.8(a). The porosity evolution is nearly indistinguishable for
the pressure and buoyancy-driven flows. The evolution of the permeability of the
two identical porous media is however different, the relative difference of about 2
% initially grows to about 100 % during the melting of about 10 % of the solid
matrix, as shown by Figure 3.8(b). This result highlights the importance of the
subtle original difference in flow field prior to melting, which is exacerbated by the
positive feedback associated with melting. The contrast in permeability between
the two type of flows evolves dynamically as heat/reactants are advected through
the porous media. This contrast is expected to grow significantly at higher Peclet
number.

3.5 Discussion

Darcy’s equation describes the discharge of a fluid through a porous media at a scale
much greater than the pore-scale. It predicts an identical discharge of fluid through
a porous media subjected to equivalent pressure or elevation head gradients. The
constraints exerted on the fluid differ between elevation head and pressure head
flows, where in the latter case the pressure boundary conditions are imposed on the
flow, in contrast to buoyant flows which are controlled by the fluid density and not
constrained by boundary conditions. These differences at the boundaries affect the
flow field at the pore-scale, and, at steady-state, propagate through the entire porous
media. The difference in flow field is controlled by the topology of the flow-paths in
the porous media and is therefore connected to the tortuosity of the medium. As
tortuosity is difficult to measure from natural sample, we use porosity as a proxy
for the complexity of the flow field.
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Figure 3.6: (Left) The initial porous medium used for the melting calculations. The
initial porosity is 50%. The flow is imposed from the the lower to upper part of
the numerical domain either with a pressure gradient (top row) or a gravity driven
flow (bottom row). The calculations are isothermal (T = 0, which was chosen as the
melting temperature of the solid) until a steady-state is reached. The temperature at
the bottom boundary is then raised (from 0 to 1) and heat is diffused and advected
upwards. The side boundaries are periodic. The Peclet number for these calculations
is relatively low Pe=0.8.
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Figure 3.7: (a) Comparison of the temperature fields obtained in Figure 3.6.
Red/warm colors represent volumes where the temperature is greater for the
pressure-driven flow and blue/cold colors where the temperature is greater for the
buoyancy-driven flow. The imposed piezometric head gradient is again identical
for the two calculations. (b) shows the distribution of crystals that melted for one
flow condition but not for the other (e.g. blue melted during the pressure-driven
calculation but not during the buoyancy calculation).
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Figure 3.8: Porosity evolution during the melting of the porous medium shown
in Figure 3.7 under buoyancy and pressure conditions. The initial porosity was
about 50%. From the isothermal calculations on the same texture, we calculated
the initial relative difference in permeability between the two flow conditions to be
about 2%. Although the initial permeability difference is small and the melting vs
time evolution are similar (a), the differences in the flow-field at the pore.scale lead to
different permeabilities evolution trends as the porous medium melts. After melting
about 10% of the porous media, the relative difference in permeability increased
from 2 to more than 100%.
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Our results for steady-state porous media flow show that the differences in flow-
field affect the overall fluid discharge through the porous media. As expected, the
difference in discharge is greater for high tortuosity media, and generally at low
porosity, with differences of about 100 % at a porosity of 0.2. This difference in
discharge can be absorbed into an effective permeability. Using the power-law fit to
the relative difference of permeability between pressure and buoyancy-driven flow as
function of porosity (Eq. 3.13), we show that the difference in permeability increases
to about 100 % at porosity of φ = 0.2 and to approximately an order of magnitude
at about φ = 0.1.

Dispersion of heat or chemical components in porous media is also expected
to be affected by the nature of the flow, buoyancy or pressure-driven. In porous
media, where the porosity, and hence the permeability, are dynamically evolving in
response to the dispersion of heat (melting) or reactants (dissolution), we show that
the positive feedback between fluid flow at the pore-scale and permeability further
exacerbates the difference between pressure and buoyancy-driven flows. When the
transport of heat/reactant is dominated by dispersion (high Peclet number), the
difference in temporal evolution between the two types of flow becomes stronger.

3.6 Conclusions

In this chapter, we highlight the importance of pore-scale effects on heat, mass and
chemical transport. We show that, contrary to what is predicted from Darcy’s equa-
tion, pressure and buoyancy/gravity driven flows are not identical for a given piezo-
metric head gradient. At low porosity especially, the discharge for pressure-driven
flow can be significantly greater than for buoyancy-driven flow. We attribute this
difference to the effect of tortuosity and the presence/absence of external constraints
imposed on the flow (i.e. boundary conditions). We also demonstrate that the differ-
ences between these two types of flow increases when reactants or heat are advected
through the porous media and affect the local porosity by melting/dissolution.

Laboratory measurements of permeability on natural sample is generally based
on pressure-driven flows. In this study, we show that the inferred permeability
can be significantly different (higher) from the effective permeability in a natural
setting or engineering application where the fluid moves because of gravity, or, for
flows bounded by a free surface. Furthermore, pore-scale effects can affect heat and
mass transfer even more when porous media evolve dynamically in response to the
dispersion of heat or reactants.

The break-up of the equivalence between pressure and buoyancy-driven flows in
porous media can have a significant impact on heat and mass transfer in diverse
natural settings in geosciences. The extraction of melts at mid-oceanic ridges is
a good example of low porosity, buoyancy-driven reactive flow, where constraints
on permeability deriving from laboratory experiments can be misleading. Other
interesting applications include the exchange of isotopes between pore fluids and
sediments during diagenetic processes, poroelasticity and the response of pore fluids
to earthquakes and also dissolution of limestone and karsts formation.

These calculations highlight the importance of pore-scale effects on the macro-
scopical mass transport in porous media, the effect of which becomes even more



The importance of pore-scale effects in porous media flows 53

important when the physics at the pore-scale becomes more complicated with feed-
backs leading, for example, to the temporal evolution of the permeability as function
of dissolution or precipitation.





Chapter 4

Isothermal multiphase fluid flows in
porous media

4.1 Introduction

In this chapter, we study the processes that control the spatial distribution of an
immiscible multiphase mixture in a porous medium. The modeling of the invasion
of a saturated porous medium by a non-wetting fluid is a key element for developing
efficient strategies for secondary oil recovery or the decontamination of the vadose
zone by gas sparging. In general, multiphase flows in porous media are modeled with
an extension of the Darcy’s equation. In this extension, the interaction between the
multiple phases is introduced by an empirical correction of the permeability, the
relative permeability. Until a few years ago, the determination of the relative per-
meability under different flow conditions was a matter of laboratory measurement
only (Bear, 1972). By means of laboratory experiments, we are naturally resolv-
ing for both the Darcy’s scale, where an evaluation of average quantities such as
permeability and relative permeability is needed and the underlying pore-scale of
the flow, where capillary forces determine the transport of the multiphase mixture
in the porous matrix. The recent advent of powerful computational methods and
super-computers, however, has made 3D numerical determination of relative per-
meabilities possible. Because of its efficient parallelization and ability to reproduce
multiphase fluid flows, the lattice Boltzmann method offers an efficient framework
to solve the dynamics of a multiphase fluids at the pore-scale and give the chance
to perform pore-scale simulation on statistically big enough porous media samples
for permeability and relative permeability evaluations. As an example, by com-
bining X-Ray tomography techniques, that allow to produce digital sample of real
rock geometries, and efficient parallel algorithms, relative permeabilities of real sam-
ples have been estimated for different rocks and multiphase mixtures (Keehm et al.,
2004; Culligan et al., 2006; Sukop et al., 2008).

Multiphase porous media flow numerical calculations at the pore-scale offer an
important tool for the investigation of the sub Darcian transient pore-scale dynamics.
Physical insight of multiphase flow dynamics, then, can be explored and understood.
This is our approach to the topic in this chapter. In particular, we use isothermal
pore-scale numerical modeling of multiphase flow as a tool for addressing questions
(3) and (4) of the introduction chapter, namely:
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• What controls the spatial distribution of an immiscible multiphase flow in a
porous medium?

• What governs the formation of capillary channels? Can capillary channels
growth in a perfectly homogeneous porous medium?

Porous geometries including a large number of pores (order O(103)) are needed
in order to yield statistically relevant results useful in the context of Darcy’s equa-
tion. Moreover, in order to prevent unrealistic effects, attention has to be paid to
well resolve each pore space with a good enough resolution. In this chapter, porous
matrixes containing several thousands of crystals are used. The average pore-size is
set to about 10 nodes to guarantee a sufficient spatial resolution. As a consequence,
for this project, we developed an efficient parallel code for multiphase flows in porous
media using the framework offered by the Palabos software. The large scale calcula-
tions were done on the super-computing resources TeraGrid (2009) and CADMOS
(2010). The results obtained in this chapter have been submitted to Physica A.

We start the chapter, reporting the main features of the most famous LB methods
for multiphase flows reported in the literature. We follow with the discussion of some
important features of the Shan-Chen method (the model we have chosen to work
with), such as its diffuse-interface nature, and the strategies used to incorporate
capillary forces. The second part of the chapter is devoted to the study of capillary
instabilities in porous media. We show that the dynamical coupling between the
two fluids at the pore-scale leads to the formation of capillary instabilities, with the
consequent formation of non-wetting fluid channels, even in homogeneous porous
media.

4.2 Multi-Component lattice Boltzmann methods.

A quick review

One of the most attractive features of the LB method is its ability to reproduce the
dynamic of an immiscible multi-component (MC) mixture in a natural way, without
making use of interface tracking algorithms (i.e. level-set method, VOF, etc... ),
which, because of their high numerical cost, limit their application to the study of
a restricted number of different free interfaces (small number of drops or bubbles)
and rather simple geometries.

All the LB methods present in the literature can be considered as part of the
so-called diffuse interface class of problem. For the case of an immiscible binary
mixture this means that when the equilibrium state is reached, the two compo-
nents are separated by an interface of finite thickness δ. In spite of the finite size
of the interface separation between different fluids, (generally of the order of a few
lattice nodes), LB methods for MC mixtures have been extensively used to inves-
tigate droplet break-up and coalescence. Moreover, the mesoscopic nature of the
LB algorithm facilitates the introduction of new physical ingredients. For example,
wetting properties can be easily incorporated into the model. This feature, in par-
ticular, makes of the LBM an attractive algorithm for reproducing the dynamics of
multiphase flows in porous media.
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The different LB methods for multiphase fluid flows can be classified in terms of
their different approach to the LB technique. The first class of algorithms is based
on the micro/mesoscopic interpretation of the LB method. Following the lines of
the MDF approach, each component of the immiscible mixture is modeled using
a different particle distribution function fi. The fis are then coupled using first
order physics principles that mimic the attraction and repulsion processes between
different pseudo-molecules. When the interparticle forces are such that molecules
belonging to different phases experience a global repulsive effect, an interface of
separation between regions occupied predominantly by one phase only naturally
forms. Two algorithms belong to this first class of LB method for MC immiscible
fluids, the Shan-Chen (SC) method (Shan & Chen, 1993; Shan & Doolen, 1995) and
the recoloring method (Gunstensen et al., 1991). More details about the Shan-Chen
algorithm are given in the following section.

A second class of algorithms is based on a Free-Energy functional approach and
the corresponding method is called the Free-Energy (FE) model (Swift et al., 1996).
For a binary fluid, the FE LB models requires two fis; one of them is used to model
the advection and the diffusion of a phase field variable (i.e. concentration of the
two species for a binary mixture) as described by the Cahn-Hilliard equation (CH)
(Cahn & Hilliard, 1958). The velocity field that advects the phase field variable is
then calculated by using the second fi that is used to resolve for the momentum
conservation as described by the Navier-Stokes equations. In practice, CH equation
describes the phase separation process under which the two components of a binary
fluid spontaneously separate and form domains pure in each component. It is inter-
esting to notice that in the literature, the coupled system of CH and NS equations
is often resolved also using traditional discretization techniques (Anderson et al.,
1998; Jacqmin, 1999). The two techniques (FE LB and traditional discretization
of the continuum coupled system of equations) yield very similar results (i.e. in-
terfacial thickness) and drawbacks (i.e. spurious currents around curved interfaces
(Jamet et al., 2002; He & Kasagi, 2008)). The FE model is based on a continuum
description of the phase separation process and can be used to describe the depart of
a MC mixture from an initial thermal equilibrium state. As an example, the model
can describe the spinoidal decomposition of an initially homogeneous mixture com-
posed by two fluids, at an initial temperature T , that undergoes phase separation
(surface tension effects) due to a change in temperature (for example cooling) that
drives the system out of the thermo-dynamical equilibrium. Such kind of LB models
for multiphase fluid flows loses the simple microscopic interpretation of the physics
offered by, for example, the Shan-Chen model. Nevertheless, the local nature of the
FE LB algorithm, still allows for a rather straightforward implementation of wet-
ting properties by introducing an additional surface free energy at the solid surface
(Briant et al., 2004; Briant & Yeomans, 2004; Dupuis & Yeomans, 2005).

The greatest advantage of FE methods when compared to the SC method, prob-
ably, is its explicit thermodynamics formulation based on the definition of a free-
energy functional. Recently, however, a successful attempt to link the SC method to
the FE model has been done. Sbragaglia et al. (2009) showed that the Shan-Chen
method can be made compliant with a free-energy functional approach by simply
adding to the usual interparticle force expression of the SC scheme (the force re-
sponsible for phase separation, see next sec.), an extra term that depends solely on
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the density field. Moreover, Sbragaglia et al. (2009) show how this extra force term
plays a negligible role in the evolution of the system. Thus, the authors argue that
the traditional SC scheme possesses a pseudo intrinsic free-energy behavior. This
work gives to the SC method the thermo-dynamical background that was missing
in its original form.

The two described classes of LB methods for multiphase flows share many draw-
backs. For instance, they are both limited to viscosity ratios close to the unity and
affected by spurious currents in presence of curved interfaces even in static condi-
tions. Even if the spurious currents do not seem to influence in a significant manner
the dynamic of coalescence (the models are subjected to higher order problems that
influence the coalescence dynamics as the diffuse interface and the lack of lubrication
forces) and the estimation of the contact angles in both static and dynamics environ-
ments (Dupuis & Yeomans, 2005; Kusumaatmaja et al., 2006; Huang et al., 2007),
they can change dramatically the transport of a scalar quantity (i.e. heat), which is
advected by the hydrodynamic velocity field. We will show this effect in the follow-
ing chapter, where we discuss the problem of heat diffusion from an initially hot and
static drop surrounded by a second colder fluid. The LB community agrees that the
spurious currents seem to derive from a lack of isotropy of the density and concentra-
tion gradients that are at the base of the calculation of forces and energy functionals
responsible for the phases separation. In order to decrease their magnitude some
better discretization schemes have been proposed for all the above cited methods
(Wagner, 2003; Shan, 2006; Sbragaglia et al., 2007; Pooley & Furtado, 2008).

The last class of models is based on a thermodynamically consistent multi-
phase theory based upon the continuous Boltzmann equation. In particular non-
ideal fluids effects are taken into account incorporating intermolecular interaction
forces in the Boltzmann equation (He et al., 1999a). Different flavors of this model
(He et al., 1999a; Lee, 2009) have been used to simulate Rayleigh-Taylor instabil-
ity (He et al., 1999b; Chiappini et al., 2010), capillary rise and wetting properties
(Chang & Alexander, 2006a; Lee & Liu, 2010). In principle these model can be ex-
tended to non-isothermal multi-component fluid flows. This extension would, how-
ever, require a larger lattices velocities set for which a proper treatment of boundary
condition is still missing. Even if these last generation of LB methods for multiphase
flows is really promising, (a modified version of He et al. (1999a) model allow for a
possible reduction of the magnitude of spurious velocity of several order of magni-
tude (Lee & Fischer, 2006), high density and viscosity ratio applications (Lee & Lin,
2006)) proper boundary conditions for dealing with complex geometries, as the one
needed for modeling fluid flows in porous media, are still poorly understood and
matter of investigation (Lee & Liu, 2010).

In what follow, we will only give the numerical details of the algorithm that we
work with, the Shan-Chen method. The interested reader is addressed to Chen & Doolen
(1998); Nourgaliev et al. (2003); Aidun & Clause (2010) for reviews and introduc-
tions of others LB methods for multiphase fluid flow.
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4.3 Multiphase fluid: the Shan/Chen model

Among the different LB approaches for multiphase fluid flows presented in the pre-
vious section, we have chosen to use the Shan-Chen model. We justify this choice
by the success that the SC model has had during the last decade in modeling cap-
illary rise and fall phenomenas (J.Hyvaluma et al., 2004), MC fluid flow in porous
media (Martys & Chen, 1996; Culligan et al., 2006; Sukop et al., 2008), fingering
phenomena (Kang et al., 2004) and for the study of wetting properties in static and
dynamics conditions in both 2D and 3D systems (Huang et al., 2007; Kang et al.,
2002, 2005).

The Shan-Chen model allows to calculate the temporal and spatial evolution of
the density distribution functions fi for an arbitrary number of components. Each
distribution function satisfies the usual Lattice Boltzmann equation:

fσ
i (x+ vi∆t, t+∆t) = fσ

i (x, t)−
∆t

τσ
[fσ

i (x, t)− fσ,eq
i (x, t)] , (4.1)

where fσ
i is the σ-th component of the density distribution function in the i-th

velocity direction, and τσ is the relaxation time related to the kinematic viscosity
for the component σ as νσ = c2s(τσ − 0.5). The equilibrium distribution function for
fσ,eq
i (x, t) can be calculated as usual as:

fσ,eq
i (x, t) = wiρσ

[

1 +
vi · ueq
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c2s
+
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where the density and momentum of the σ fluid component, can be calculated as :
ρσ =

∑

i f
σ
i and ρσuσ =

∑

i vif
σ
i . It is important to notice that the parameter ueq

σ

in Eq. (4.2) is determined by the relation:

ueq
σ = u′ +

τσFσ

ρσ
, (4.3)

where u′ is the common velocity of the fluid mixture calculated as:

u′ =

∑

σ
ρσuσ

τσ∑

σ
ρσ
τσ

; (4.4)

and Fσ = Fcoh
σ +Fads

σ +Fb
σ is the sum of the interactive force between fluid particles,

Fcoh
σ (responsible of phases separation), between solid boundary and fluid particles,

Fads
σ (responsible of adhesion forces) and external body forces, Fb

σ, such as gravity
and buoyancy forces. This model can be used for 2D and 3D applications. For the
2D case we chose to work with a D2Q9 lattice where for the 3D case we used a
D3Q19 lattice (see Section 1.3.1).

Considering the most simple model for the interaction between molecules in a
binary mixture (we take into account only repulsion between different species), the
interactive force acting on the particles of species σ located in position x can be
calculated as:

Fcoh
σ (x, t) = −ρσ(x, t)Gcoh

∑

i

wiρσ̄(x+ vi∆t)vi; (4.5)
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where σ and σ̄ are respectively the first and second component of the fluid mixture
and Gcoh is the parameter that can be use to tune the surface tension between the
two modeled fluids. Analogously, the cohesion force between particles of the fluid σ
and the solid boundary, can be evaluated as:

Fads
σ (x, t) = −ρσ(x, t)Gads

σ

∑

i

wisi(x+ vi∆t)vi, (4.6)

where s is a flag variable that is equal to 1 if the lattice node i belongs to the solid
boundary and equal to 0 if si points a fluid lattice node. Indeed, Gads

σ determines
the strength of the interaction between particles of the species σ with the solid
boundary and then it is responsible of the wetting properties of the fluid. The
literature suggests that, if we are interested in modeling a mixture of wetting and
non-wetting fluid, Gads is chosen positive for wetting fluid and negative, but equal
in magnitude, for the non-wetting fluid. Eventually, the action of a constant body
forces that mimics the effect of a buoyancy force can be added as

Fb
σ(x, t) = ∆ρg, (4.7)

where g is the gravity and ∆ρ the difference in density between the two components.
In order to avoid numerical stability issues, we initialize the problem using equal
densities for different phases (∆ρ = 0). However, by applying a body force that
satisfies the effect of a characteristic dimensionless number of the system (i.e. the
Bond number, the ratio between buoyancy and surface tension forces) to one of the
two components only, buoyancy effects can still be successfully modeled.

Shan & Doolen (1995) carried out the Chapman Enskog procedure for the above
described numerical scheme and obtained the following continuity and momentum
equations for the fluid mixture seen as a single fluid:

∂ρ

∂t
+∇ · (ρu) = 0

ρ

[
∂u

∂t
+ (u · ∇)u

]

= −∇p+∇ · [ρν(∇u+∇uT )] + ρg,

where ρ =
∑

σ ρσ is the total density of the mixture. The total momentum of the
fluid mixture is:

ρu =
∑

σ

∑

i

fσ
i vi +

1

2

∑

σ

Fσ. (4.8)

4.3.1 Miscible/Immiscible behavior of the Shan-Chen algo-
rithm

In this paragraph, we illustrate some of the features of the Shan-Chen model. In
the SC model, the parameter Gcoh (see Eq. (4.5)) determines the repulsion strength
between particles belonging to different species. A Gcoh value exists under which the
repulsion forces are not strong enough to keep the two fluids separated (Gcoh

critical).
In this regime, the two phases behave as in a pure diffusion process and are then
miscible. The miscible/immiscible behavior of th SC method is extensively discussed
in Shan & Doolen (1995). In Figure 4.1 we show the miscible/immiscible nature of
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the algorithm as a function of the repulsion parameter Gcoh. In order to obtain
graph 4.1, the following experiment was conducted. As initial condition, we place a
2D bubble of fluid A with radius R = 25 in a periodic square box with area 100×100
(the center of the bubble is x = y = 50). The initial densities are such that, inside
the bubble ρA = ρ0 and ρB = 0; on the other hand, outside the bubble ρB = ρ0
and ρA = 0. The initial mass ratio between the two phases is

∑

xy ρA/
∑

xy ρB
∼=

0.25 (
∑

xy is the sum over the whole 2D numerical domain). Given a value of

repulsion strength Gcoh, we let the system evolve toward the equilibrium and report
in graph 4.1 the densities of the two phases at the lattice node x = y = 50. Focusing
on Figure 4.1a, obtained for τA = τB = 1, we observe that when ρ0G

coh > 1 the
density of phase A is predominant in the bubble region (immiscible behavior). On
the other hand, for ρ0G

coh <= 1 (shaded region) the density of phase B is higher
respect to phase A; in particular, in this second case, the ratio between ρA and ρB
reflects the initial mass ratio between the two phases. This indicates that two phases
are well mixed (miscible behavior).

Figures b. and c. show respectively the results we obtain when the same exper-
iments is done using τA = 0.7, τB = 1.5 and τA = 1.5, τB = 0.7. We observe that
both the critical value of Gcoh and the density ratios changes as a function of the
relaxation time couples. We inform the reader that the numerical stability of the
algorithm depends on the choice of relaxation times. The ranges of Gcoh values that
we explored for the numerical calculations reported in Figure 4.1 shows these limits.

In Figure 4.2a, we perform a Laplace’s law test for a 2D bubble. Laplace’s law
states that the difference in pressure ∆p between the regions occupied mainly by
fluid A and B respectively has to be linearly proportional to 1/R, where R is the
radius of the bubble. The constant of proportionality between ∆p and 1/R is the
surface tension λ. In Figure 4.2b, we observe how λ increases with increasing Gcoh

(these calculations are performed using τA = τB = 1). Moreover, in Figure 4.3,
where we report the normalized variation of the density of phase A at the fluid-fluid
interface, we can notice how the interface thickness δ decreases for increasing surface
tension. The main reason for this behavior is that, using the SC method, δ decreases
for increasing surface tension. However, due to numerical instability issues that rise
for increasing value of Gcoh, a good compromise between numerical stability and
interface thickness is obtained when 1.6 <= ρ0G

coh <= 2.2.

4.3.2 Contact angle determination

When two fluid phases are in contact with a solid phase, the capillary forces spatially
organize the two fluid phases until a thermodynamic equilibrium is reached (equal
chemical potential for the three phases). At the equilibrium, the angle between
the solid surface and the interface between the two fluids measured with respect
to the non-wetting fluid is called contact angle (see Figure 4.4). The value of the
contact angle is specific for a given system (two fluids and the solid surface). In
Figure 4.5, we show how the contact angle θ of a 2D bubble changes as a function
of the adhesion strength parameter Gads. Contour lines for ρA = ρ0/2 are reported
for different values of Gads

A . In our work we choose to set Gads
B = −Gads

A . We observe
that decreasing Gads

A , the contact angle decreases moving from a strong non-wetting
(θ = 158 ◦) to a strong wetting (θ = 40 ◦) behavior. A parametrization of the
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Figure 4.1: Normalized densities ρσ/ρ0 as a function of scaled repulsion strength
parameter ρ0G

coh. The higher and lower arms of the graph represent the steady state
density values for phase A (bubble forming fluid, triangles) and phase B (surrounding
fluid, circles) taken at the lattice node x = y = 50 (inside the 2D bubble region,
where ρA = ρ0 and ρB = 0 ) as a function of the repulsion strength parameter Gcoh.
This experiments is performed for three different couples of relaxation times. For all
the three cases, we observe that for Gcoh smaller than a critical value, the repulsion
forces are not strong enough to allow for phase separation (miscible behavior). When
G > Gcoh

critical an interface between the two phases is kept and we observe that higher
the Gcoh value purer (low fraction of phase B) the bubble. We can also notice how
both Gcoh

critical and density ratios between fluid A and B change for different couples
of relaxation time. In fig. a. τA = τB = 1,fig. b. τA = 0.7, τB = 1.5 and in fig. c.
τA = 1.5, τB = 0.7.
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Figure 4.2: Fig. a: the difference in pressure between the inside and the outside of
a 2D bubble placed in the middle of a 100× 100 grid points, is plotted as a function
of 1/R where R is the radius of the bubble. This graph shows that the Shan Chen
algorithm well reproduce the Young-Laplace law. Figure b: surface tension λ in
lattice units as a function of particle repulsion strength parameter Gcoh.
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Figure 4.3: Normalized density for phase A at the fluid-fluid interface as a function
of Gcoh. We can observe that the interface thickness δ increases with decreasing
Gcoh.

Figure 4.4: Sketch of contact angle θ.
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Figure 4.5: Contour density lines for different pairs of Gads
A , Gads

B values. Subscript
A indicated the bubble forming fluid and subscript B the surrounding fluid. Gads

A

and Gads
B are chosen such that Gads

A = −Gads
B We can observe that the contact angle

decreases as a function of decreasing Gads
A .

contact angle θ as a function of the binary mixture properties of the Shan-Chen
method (densities of the two fluids, adhesion and repulsion parameters) has been
derived by Huang et al. (2007). The parametrization function that they propose is:

cos θ =
Gads

B −Gads
A

Gcoh ρA−ρB
2

. (4.9)

4.3.3 Addressing the issue of spurious currents; can we re-
duce them?

In all the classical LB multi-components methods proposed in the literature, non
physical velocities appear at the curved fluid-fluid interface. However, recently,
many improvements have been done in order to understand the cause of the spurious
currents and treatments to reduce their effects have been obtained for all the most
commonly used multi-component methods. For example, Wagner (2003), referring
to the free-energy model of Swift et al. (1996) for binary mixtures, proposed that the
spurious currents could be eliminated by removing non ideal terms from the pressure
tensor and introducing them in a body force term. Pooley & Furtado (2008), by
carefully choosing the form of the equilibrium distribution function and finding the
best way to calculate the needed derivatives of the density gradient, found that the
spurious velocities can be significantly reduced.

In 2006, Shan (2006), referring to the Shan-Chen method, underlined that the
origin of spurious current could be due to the lack of isotropy of the traditional
LB lattices used for the determination of the density gradient at the curved in-
terface between the two fluids (to note that in Eq. (4.5) the density gradients re-
sponsible for the magnitude of the repulsive force between different fluid phases are
evaluated using D2Q9 and D3Q19 lattices for 2D and 3D simulation respectively.
In Section 1.3.1, we have seen that these two lattices have a 4th order isotropy).
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With this in mind, he suggested that the magnitude of the spurious velocity can
be decreased using an extended neighborhood over which the density gradient is
calculated. Sbragaglia et al. (2007) also investigated this idea and calculated the
appropriate extended neighborhood and lattice weights for lattice isotropy until the
14th order for both 2D and 3D lattices. We address the interested reader to Shan
(2006); Sbragaglia et al. (2007) for more information about the extended lattice ge-
ometries and corresponding weights. We have to underline that these improvements
have been achieved at the expense of the locality of the LB algorithm. In order to
test our numerical scheme for immiscible fluid flows and the effective decrease in
magnitude of the spurious velocities for increasing lattice isotropy, we perform the
following numerical experiment: we place a 2D bubble of radius R = 25 l.u. of fluid
A in the middle of a periodic square numerical domain with size L2 (L = 100 lattice
nodes) filled with a fluid B. The two fluids are assumed to be immiscible and have
equal densities and viscosities. All the boundaries are periodic. The initial velocity
field is set to zero everywhere. However, as expected, a velocity field persists all
around and inside the bubble as reported Figure 4.6. The highest values of the spu-
rious velocities are at the interface between phase A and phase B, where the density
gradients are bigger. In figures 4.7a and 4.7b, we show the magnitude of the velocity
taken at position Lx/2 and Lx = 85 respectively as a function of the coordinate y for
different order of isotropy (for instance 4th, 6th, 8th, 10th, 12th). We observe that,
as expected, the magnitude of the spurious currents decreases with the increasing
order of isotropy. An improvement of one order of magnitude can be obtained when
results for a 4th order and a 12th order isotropy are compared. However, greater
isotropy comes at the expense of heavier (and less local) calculations.

4.3.4 Inlet-outlet boundary conditions

Proper inlet-outlet boundary conditions for immiscible fluid flows have not yet been
developed in the framework of the Shan-Chen method. If in the literature, im-
posed velocity boundary conditions are missing, injection and evacuation processes
can, however, be obtained imposing density/pressure conditions as in Zou & He
(1997). As a result, by imposing different density/pressure at the inlet-outlet of
the numerical domain, a pressure gradient will be responsible for the flow of the
two phases. Most often, semi-permeable walls are modeled, where, for the case of a
binary mixture, one of the two phases only is either injected or evacuated, while the
second one is retained by a normal no-slip condition implemented using a bounce-
back scheme (Latt et al., 2004). The difficulty in treating boundary condition for
the multi-component Shan-Chen method is due to the fact that, even at the equilib-
rium, a fraction of mass of all the modeled phases is present at any lattice nodes (see
Figure 4.1). Proper inlet-outlet boundary conditions for the multi-component ap-
plications, then, should take into account for the evolution behavior of both particle
distributions functions.

Pressure driven condition is a convenient assumption for many industrial ap-
plications. Moreover, laboratory experiments of imbibition processes are mainly
conducted by applying pressure conditions. In nature, however, most of the porous
media multiphase flows are buoyancy driven. In order to be as much as possible
closer to a buoyancy driven behavior, we implemented boundary conditions sim-
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Figure 4.6: Velocity norm field due to spurious currents around a bubble at rest.
This velocity field is obtained by using a 4th order isotropy inter-particle force and
a D2Q9 lattice. The typical kind of daisy geometry of the spurious velocities, due
to the D2Q9 lattice , can be seen. The color code represent the magnitude of the
velocity. The maximum value of the spurious currents is located on the bubble
interface (where the density gradient is maximum). The geometry of the spurious
velocities is independent of the order of isotropy, it only changes its magnitude.
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Figure 4.7: Fig.a: magnitude of the x component of the spurious velocities along
the y coordinate of the bubble reported in Figure 4.6 at position x = Lx/2. The
different symbols represent different order isotropies. As expected the magnitude of
the spurious velocity decreases for increasing order of isotropy. By using a 12th order
isotropy we can reduce of one order of magnitude the spurious velocity respect to the
4th order isotropy. Fig.b: magnitude of the x component of the spurious velocities
along the y profile of the bubble reported in Figure 4.6 at position x = 85. As for
fig.a, the different symbols represent different order of isotropies.
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a. b.

c. d.

e. f.

Figure 4.8: Dynamics of bubble nucleation at the injection chamber. Bubbles of non-
wetting fluid (density contour in red) are periodically generated at different source
points inside a so called injection chamber. The injection chamber is bounded above
by a porous material (solids obstacles are colored in gray). The non-wetting bubbles
move upwards due to buoyancy until they reach the low porosity region. Eventually
the bubble coalesce and form a non-wetting layer. The formation or not of the
non-wetting layer depends on the porosity of the crystalline
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Figure 4.9: Imbibition process of an initially saturated with a wetting fluid (in
transparency) porous medium (solid matrix in gray, porosity equal to 0.4), by a
non-wetting, buoyant fluid (density contour in red). Moving from snapshot a. to
c., we can observe how, once a high enough capillary pressure is reached, the non-
wetting fluid penetrates into the porous crystalline matrix and how capillary and
buoyancy forces drive the imbibition process leading to the formation of a vertical
non-wetting channel (capillary channel). In snapshot c., we can notice how the
thickness of the non-wetting layer changes when the non-wetting phase reaches the
fading chamber, where the non-wetting phase is faded with a constant rate in time.
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ilar to Latt et al. (2004) that reproduces a bubble/drop nucleation process inside
an apposite region of the numerical domain (injection chamber). For instance, the
local injection of the invading fluid is done by imposing the wanted local macro-
scopic density value

∑

i f
σ
i with momentum

∑

i f
σ
i vi equal to zero (bubble at rest

initially). The generated bubbles/droplets move away from the injection source re-
gion because of buoyancy effects (a buoyancy force is applied to the non-wetting
phase only, which is assumed to be the lighter phase, as in Eq. (4.7)). The injection
rate of non-wetting fluid is determined by the volume and injection frequency of
bubbles. The position of the source regions, the period of injection and the volume
of the generated bubbles can be modified in order to obtain a pseudo-random in-
jection process. If, as in Figure 4.8, the injection chamber is bounded above by a
region characterized by a low porosity, a layer of non-wetting fluid can form at the
entrance of the low-porosity region. Inside the forming layer (to note the thickening
of the non-wetting layer with time in Figure 4.8), the pressure increases until a high
enough capillary pressure is reached and the non-wetting fluid begins to penetrate
into the porous medium (see Figure 4.9a).

The injection of non-wetting fluid at the inlet is however prone to numerical
instabilities and has to be carefully treated. In order to avoid numerical instabilities,
we use the following procedure: during the first half of the injection process, the
local density is increased linearly with time until a fixed maximum value of density
is reached. During the second half of the period of injection, the local density is
kept constant. This allows us to slowly increase the value of the cohesion force of
Eq. (4.5) (note that the magnitude of the cohesion force of Eq. (4.5) is proportional
to the density) and slowly build up the interface of separation between the two
immiscible phases.

We implement the outlet boundary condition using the same concepts described
for the injection procedure. The outlet region, that we also call fading chamber,
is located at the top of the porous medium (see Figure 4.9, the fading chamber is
characterized by a porosity equal to 1). Once the non-wetting phase reaches the
outlet, its mass is absorbed exponentially over several nodes that form the fading
chamber. The distance over which the density is decaying and the strength of the
decay constant are set by trial and error so that they do not affect the flow field in
the porous medium.

4.4 A 3D study of Capillary Instabilities and Chan-

nelization Effect

Multiphase flows in porous media have a wide array of engineering, geological and
environmental applications. The contamination of water reservoirs during the down-
ward migration of dense non-aqueous phase liquids (DNAPL) has for example being
subject to numerous studies. The transport and storage ability of porous reser-
voirs hosting two immiscible fluid phases are controlled by their respective spatial
distributions. In this study, we focus on the buoyant migration of a non-wetting
invading phase in a saturated porous media. We study the development of capillary
instabilities during the migration of the invading fluid, using a macroscale scaling
argument based on energy optimization and numerical calculations that solve for the
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multiphase dynamics at the pore-scale. We show cases where the capillary coupling
between the two fluids (rather than the pore geometry) controls the development of
the instability. Several experimental and numerical studies have shown that, at low
injection rate, a buoyant invading fluid (either a dense NAPL migrating downwards
or a light NAPL migrating upwards) forms fingers because of a capillary instability.
Numerical studies can be generally divided in two groups (1) macroscale models
derived from multiphase Darcy equation (Nieber et al., 2005; Felgueroso & Juanes,
2009a) and (2) pore-scale approaches such as pore-network and stochastic models
(Lenormand et al., 1988; Ewing & Berkowitz, 1998, 2001; Blunt, 2001). Continuum-
based models such as those based on variants of the Richards equation (Nieber et al.,
2005; Felgueroso & Juanes, 2009a) solve for the migration of the invading fluid at
a scale much greater than the pore. The multiphase permeability and capillary ef-
fects are therefore introduced as constitutive equations in these models. Richards
equation was shown to be intrinsically stable and the generation of capillary fin-
gering required the introduction of higher order terms in the governing equation
(Felgueroso & Juanes, 2009a). These models do not solve for the force balance
between capillary, buoyancy and viscous forces at the pore-scale, but rather com-
pute an average over a large number of pores from empirically-derived relationships
between the capillary forces and the invading fluid saturation S.

4.4.1 Theory

We start with a macroscale scaling argument thats shows the importance of an
accurate description of capillary forces at the pore scale to study the development
of capillary instabilities. Figure 4.10 shows the setup of an ideal porous media, where
low permeability regions alternate with high permeability channels. The saturated
porous medium is subjected to the injection of a buoyant non-wetting phase at a
constant mass input rate Ṁnw. The flow is assumed to be buoyancy driven and
therefore mostly vertical.

The overall hydraulic conductivity for the non-wetting phaseKtot, which is equiv-
alent to the inverse of the hydraulic resistivity, is obtained by

Ktot =

∑

iKiϕi
∑

i ϕi

, (4.10)

where the Ki are the individual non-wetting phase conductivities for the different
channels and ϕi their relative width. In a buoyancy driven multiphase flow in a
porous media, at low Re, the gas volume flux in the system (or Darcy velocity) is
given by

ug = Ktot(Sg)∆ρg, (4.11)

where ∆ρ is the density difference between the non-wetting phase and the wetting
phase. For immiscible fluids, the hydraulic conductivity for the gas phase is a
function of the non-wetting phase saturation, through its dependence on the relative
permeability kr

K(Sg) =
kr,nwk

µnw

. (4.12)

k is the permeability of the porous media and µnw is the dynamic viscosity of the
non-wetting phase. Using Eq. (4.10) and the model represented in Figure 4.10, we
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Figure 4.10: Heterogeneous porous media. The even numbered channels represent
the low permeability k0 (low hydraulic conductivity K0) regions and separated by
high permeability channels k1 (with odd numbers). Each of the five low or high
permeability channels are identical to the pore scale.
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can estimate the overall hydraulic conductivity of the heterogeneous porous media
with n high permeability channels of thickness ϕ with

Ktot(S0, S1, . . . , Sn) =
k0kr0,nw(S0)

µnw

(

1− ϕn

L

)

+
ϕ

L

∑

i

k1kr1,nw(Si)

µnw

, (4.13)

where k0, k1, kr0,nw(S0) and kr1,nw(Sc) are respectively the permeability of the porous
media and the relative permeabilities as function of gas saturation for the low and
high conductivity regions. L is the lateral thickness of the porous medium. Assuming
a constant mass input rate of buoyant non-wetting phase Ṁnw, we can constrain the
saturation in the different channels at steady-state.

Mnw = Ṁnw
H

unw
=

∫

V

ρnwSg(x)φ(x) dV, (4.14)

where φ is the porosity, unw the velocity of the non-wetting phase and H the height
of the porous medium. Using the simple geometry illustrated in Figure 4.10 for n
high permeability channels of similar width ϕ, gas saturation Sc (volume fraction of
the pore space occupied by the non-wetting phase) and porosity φc, we obtain

Sc =
Mnw

ρnwφcnϕLH
− φ0

φc

(
1− nϕ

L
nϕ
L

)

S0, (4.15)

where S0, φ0 and H are respectively the non-wetting phase saturation, the porosity
in the low conductivity regions and the thickness in the direction of the non-wetting
fluid flow of the porous medium. In this simple case, where every high permeability
channel has the non-wetting phase saturation Sc, the overall hydraulic conductivity
of the entire system is

Ktot(Υc) =
kr0,nw(S0)k0

µnw

(

1− nϕ

L

)

+
nϕ

L

kr1,nw(Sc)k1
µnw

, (4.16)

where Υc refers to the configuration with uniform saturation in high porosity chan-
nels.

From constructal theory (Bejan & Lorente, 2006, 2008), we can assume that the
configuration with the lowest resistance to the flow of the non-wetting fluid, under
the given constraints of the system studied (given porous media geometry and fixed
mass flux of buoyant non-wetting phase) will be naturally selected. We can compute
the overall hydraulic conductivity for the non-wetting phase for a perturbed case
where the saturation for two of the n channels is perturbed by ǫ≪ 1

S1 = Sc + ǫ, Sn = Sc − ǫ Si = Sc, for i = 2, . . . , n− 1. (4.17)

This perturbed configuration will be referred as Υǫ. The overall hydraulic conduc-
tivity for configuration Υǫ is

Ktot(Υǫ) =
kr0,nw(S0)k0

µnw

(

1− nϕ

L

)

+
(n− 2)ϕ

L

kr1,nw(Sc)k1
µnw

+
ϕ

L

kr1,nw(Sc + ǫ)k1
µnw

+
ϕ

L

kr1,nw(Sc − ǫ)k1
µnw

. (4.18)
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We can compare the two results for Ktot and find conditions under which the per-
turbed configuration offers less resistance to the gas flow, i.e. Ktot(Υǫ) > Ktot(Υc).
We find that the flux of non-wetting phase is greater for the perturbed configuration
(i.e. greater overall hydraulic conductivity) if

∂2kr1,nw
∂S2

> 0. (4.19)

This condition depends on the surface tension between the fluid phases and tension
forces between each fluid and the solid matrix. If it is satisfied, the flow of the
non-wetting phase through the porous media is more efficient for heterogeneous dis-
tribution of non-wetting phase saturation among high porosity channels. This is true
even when the channels are identical. The degree of heterogeneity in the gas satura-
tion between the different channels depends also only on the curvature of the relative
permeability with respect to the gas saturation. This suggests that the capillary in-
stability is expected to be stronger for larger surface tensions (Asar & Handy, 1988).
This macroscale scaling argument emphasizes the importance of resolving for the
appropriate capillary, buoyancy and viscous force balance at the pore scale instead
of assuming relationships between the capillary pressure and the pore saturation.

4.4.2 Numerical approach

Pore-scale approaches, generally based on pore network models, describe the porous
medium as an idealized succession of conduits (pore throats) and pores with simple
geometries, generally cylinders and spheres with a random distribution of radii.
The pores are assumed to be fully saturated by either the invading or the defending
fluid. The invadibility of a given pore is obtained directly from the position of the
pore with respect to the water table, the density contrast between the fluids and
the pore radius (Ewing & Berkowitz, 1998, 2001). In that sense, the migration of
the invading phase is purely deterministic as it is controlled by the porous media.
The control exerted by the pore size distribution in the development of a capillary
instability will be referred as ’passive control’. Lenormand et al. (1988) described
the equivalence between the dynamic regime of end-members cases for pore-network
calculations (in terms of balance between capillary, viscous and buoyancy forces)
and stochastic models. These equivalent stochastic models offer a simple and fast
alternative to pore-network models. However, the transition from one end-member
is still problematic and requires the addition of several ad-hoc rules that further
remove them from the physical models they simulate.

In this study, we use the Shan-Chen method to solve for multiphase pore-scale
dynamics processes in a porous medium. The SC method is different from macroscale
continuum approach in the sense that it does not require any assumption, i.e. em-
pirical closure equations, for the treatment of capillary effects between the fluid
phases. Moreover, our model, unlike pore-network models, solves for the force bal-
ance between the two fluid phases within each pore and it allows us to calculate the
migration of a buoyant non-wetting phase in a porous medium with complex pore
geometries (see i.e. Figure 4.9).

We use a synthetic porous medium grown numerically by using a crystal nucle-
ation and growth algorithm derived from the model of Avrami (1940) and mostly



Isothermal multiphase fluid flows in porous media 75

similar to Hersum & Marsh (2006). The porous medium consists of a succession of
identical channels at the pore-scale (see Figure 4.10). Each channel is 100x100x1000
nodes large and contains more than 15’000 crystals with various shapes and an av-
erage size on the order of 10 grid nodes. The nucleation and growth model allows us
to crystallize a single texture and use it for both low (36%) and high (64%) porosity
channels by removing more or less of the latest crystallized phases. To test the
channelization instability (heterogeneous distribution of non-wetting phase in iden-
tical channels), we build a large domain (1000x100x1000) by alternating high (odd
numbers) and low porosity (even numbers) channels. As a result, all high porosity
channels are identical to the pore-scale (see Figure 4.10).

As the high porosity channels are identical, the ’passive control’ exerted by the
porous media on the invading phase is identical for each channel. The deterministic
nature of pore-network models would therefore predict that identical capillary fingers
grow in each high porosity channel. We show, however, that capillary fingers grow
at the expense of others in high porosity channels. The difference in invading fluid
distribution between identical high porosity channels is not controlled here by the
pore structure (’passive control’), but by the capillary coupling between the two
fluid phases (’dynamic control’). This effect is not deterministic as it is controlled
by random fluctuations (noise) in the injection rate of the invading phase and arises
from the coupling between the invading and defending phases at the pore-scale. It
can therefore not be predicted by pore-network models, and, because of the scale at
which it operates, cannot be solved explicitly by macroscale approaches.

4.4.3 Relative permeability

Our theoretical model predicts that the dependence of the relative permeability on
the volume fraction S for the non-wetting phase controls the existence of instabilities
in the distribution of the buoyant non-wetting fluid in the pore space. We focus on
obtaining the kr,nw(S) relationship in high porosity channels to (1) make sure that
the large-scale calculations lie in the heterogeneous non-wetting phase distribution
regime and (2) estimate the non-wetting phase volume flux variability between the
different high-porosity channels.

Figure 4.11 shows the relative permeability-saturation relationship for the buoy-
ant non-wetting phase for high porosity channels. The curvature of this relationship
satisfies the condition ∂2kr,nw/∂S

2 > 0. The curvature of kr,nw(S) is controlled by
the surface tension λ and is expected to increase with increasing surface tension or
decreasing Bond number Bo (the ratio between buoyancy and surface tension forces)

Bo =
∆ρgR2

λ
, (4.20)

where R is the radius of injected bubbles.

4.4.4 Channelization instability

The theoretical model predicts (1) that channelization instabilities will occur when
∂2kr,nw/∂S

2 > 0 and will lead to heterogenous distribution of non-wetting phase
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Figure 4.11: Calculations of the relative permeability-saturation relationship for high
porosity channels with a fixed Bond number Bo = 0.16. The error bars represent
the magnitude of the fluctuations around steady-state values for the saturation of
the non-wetting phase and its discharge. The calculated data, computed over the
range of saturations of interest, are fitted by two power-law relationship, one with
fixed exponent (set to 4) and one where the exponent is also a fitting parameter.
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Figure 4.12: Results of three large scale calculations showing the evolution of the
volume fraction of a buoyant non-wetting phase in the porous media as a function
of time (dimensionless). (a-b) Run conducted at intermediate Bo = 0.32. (c) For
a lower surface tension and higher Bond number Bo = 0.48. (d)Same results for a
higher surface tension and Bo = 0.26.
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Figure 4.13: Distribution of the buoyant non-wetting phase in the porous media for
(a) Bo = 0.48 with low surface tension (see Figure 4.12c) and (b) Bo = 0.26 with
high surface tension (see Figure 4.12d). (c) shows a close-up of the bottom part of
the porous media around channel 5. The lower numbers on each channel represent
the volume fraction of pore space occupied by the non-wetting phase. We use red
for channels with excess non-wetting phase and blue for depleted channels.
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Table 4.1: Amplitude of instability (in terms of saturation of the non-wetting phase)
versus Bond number Bo.

Bo = 0.26 Bo = 0.32 Bo = 0.48
∆S = (Smax − Smin)/2Savg 60 % 40 % 20 %

even in identical porous channels (2) that the amplitude of the heterogeneities are
expected to increase with surface tension.

We conducted 5 calculations to test these predictions with various surface ten-
sions and random sequences of non-wetting phase generation at the inlet. All runs
lead to heterogenous distributions of non-wetting phase among the 5 high porosity
channels as predicted by our theoretical model (see figures 4.12 (a-b), c and d). Fig-
ure 4.12 illustrates the typical results we obtain. First, a transient phase where the
capillary pressure builds up in the inlet region as a result of the constant injection of
buoyant non-wetting fluid. This stage is followed by a steady-state (constant volume
of non-wetting phase) perturbed by the onset of the instability where S grows in
certain high porosity channels at the expense of others.

Figure 4.12(c-d) shows the pore volume fraction occupied by the non-wetting
phase for two other calculations, (c) for a lower surface tension λ and (d) for a
higher surface tension case than Figure 4.12(a-b). We observe a qualitatively sim-
ilar behavior, however the steady-state average S value and the amplitude of the
instability increase with surface tension (or decrease with Bo) as expected from
our theoretical model. Each calculation was run on 4096 Intel cores of the super-
computer Ranger at the TACC (TeraGrid, 2009), and was limited to the usage of
100’000 CPU-hours. Within these computing resources, we observe that, as the
Bond number Bo decreases, the relative variability in S increases from 20 to 60 %
(see table 4.1).

4.5 Conclusions

The distribution of different immiscible fluid phases in porous media control their
respective mobility and therefore their storage potential. We show theoretically and
numerically that the buoyant injection of a non-wetting phase in a porous media
leads to heterogeneous distribution of non-wetting phase even in portions of a porous
medium that are identical at the pore-scale and are subjected to equivalent injection
conditions. This capillary instability is controlled by the dynamic coupling between
the invading and defending fluid phases at the pore scale and predicts the growth
of channels at the expense of others. Capillary instabilities have fundamental impli-
cations for important environmental questions and technological challenges such as
soil remediation and migration of DNAPL, stability of gas hydrates in sediments and
enhanced oil recovery, where the flow of a buoyant non-wetting phase in a saturated
porous media is the prominent dynamical process.
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Introduction to thermal multiphase lattice
Boltzmann model

5.1 Introduction

In this chapter, we discuss a model for multiphase thermal applications based on
the coupling between the Shan-Chen model for multi species and an LBGK AD
algorithm for the advection and diffusion of a scalar field. The LB literature for
multiphase thermal application is scarce. Two different approaches can however
be identified. The first approach aims at obtaining a proper thermodynamic de-
scription of a multiphase environment (Swift et al., 1996; Shan et al., 2006); The
different models adopting this approach are, however, either restricted to low tem-
perature variations or still under development. The second approach is more phe-
nomenological; as for the Rayleigh-Bénard problem presented in chapter 1, pressure
and temperature fields for a multiphase system are resolved by using two differ-
ent schemes that are properly coupled in order to obtain the physics of interest.
By operating in this way, temperature dependent viscosities and surface tension,
thermal buoyancy effects etc., can, a priori, be obtained adding ad-hoc evolution
constitutive equations for each single phenomena that wants to be studied. Our
algorithm belongs the this second class of models. Along the same line, a thermal
SC method for water-vapor system like has been discusses by Yuang (2005). More-
over, Chang & Alexander (2006b) built a hybrid thermal lattice Boltzmann scheme
based on the multiphase model of He et al. (1999a) and studied two-phase Rayleigh-
Bénard convection and Marangoni-natural convection in a two-layer liquid system
(Chang & Alexander, 2007).

In chapter 6, we will use an extended version of the model developed in the
present chapter to study multiphase reactive flows in porous media. To our knowl-
edge, this is the first attempt to couple the two LB algorithms (SC and AD pure
substance melting scheme) for the investigation of thermal reactive multiphase en-
vironments. In what follows, we focus our attention on some limitations of our
thermal Shan-Chen model:

• the presence of spurious currents that affect the heat transfer between the two
fluids;

• the inability of our algorithm to model convection induced by surface tension
gradients (Marangoni instabilities).
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5.2 The thermal Multi-Component model

The Thermal Multi-Component (TMC) LB model is based once again on the MDF
procedure. In TMC, two particles distribution functions fA

i and fB
i model the

flow dynamics of two immiscible fluids and a third particle distribution function
gi solves for the advection and diffusion of a scalar field (see sec.1.3.2). In order
to model the desired dynamical system, the different physical behaviors must be
properly coupled. We note that, in the TMC model, the SC multiphase mixture
velocity (4.8) is responsible for the advection of the scalar field. Moreover, we use a
flagging procedure to assign each node of the computational grid to a specific phase.
This flag allows us, for example, to use different heat coefficients for different phases.
We can introduce the effect of density variation due to temperature gradients (using
the Boussinesq approximation) with the addition of a force

Ftbf
σ (x, t) = βσ∆Tg (5.1)

to the total force Fσ acting on the multiphase mixture (see sec.4.3), where the super-
script tbf refers for thermal buoyancy force, βσ is the thermal expansion coefficient
of the phase σ and ∆T is the difference between the local temperature T (x) and the
reference temperature T0 = (Thot − Tcold)/2 (Thot and Tcold are the maximum and
minimum temperature that we impose in our numerical experiments).

A priori, this algorithm offers the possibility to incorporate the effect of a tem-
perature dependent surface tension λ. When the surface tension is assumed to vary
locally because of temperature gradients, the immiscible phases can be subjected
to a series of thermo-capillary instabilities. Here, we test the ability of the TMC
to reproduce this capillary instabilities with a temperature-dependence interaction
strength Gcoh (the SC parameter that is responsible for the magnitude of λ). We ob-
serve that our results are not consistent with the theory and laboratory experiments.
In section 5.4.1, we present our numerical experiments and we discuss possible causes
for their lack of success.

5.3 The Multi-Component thermal diffusion prob-

lem

In this section, we report numerical results for the heat transfer from an initially
hot and static 2D bubble surrounded by a second fluid. As the time evolves, the
bubble and the surrounding fluid tend to reach a thermal equilibrium (the bubble
temperature decreases and the temperature of the surrounding fluid increases). In
these experiments, we assume that the two immiscible fluids have equal densities,
viscosities and thermal diffusivities. Thermal buoyancy forces and temperature-
dependent surface tension are not taken into account. The absence of body forces
and the homogeneity of interfacial stresses at fluid-fluid interface, are such that the
bubble doesn’t move during our calculations.

In the previous chapter, we have discussed the presence of spurious currents at
the interface between two fluids because of an insufficient isotropy of inter-particle
forces. This suggest that the heat transfer between the two fluids can be affected by
spurious advection at the interface. In order to quantify the importance this effect,
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Figure 5.1: Time evolution of the err function 5.2 for different inter-particle force
isotropies (4th,6th,8th,10th,12th) during thermal diffusion processes from an initial
hot bubble. The relaxation time used during the experiment is τT = 0.501. The
average error decreases increasing the order of isotropy.

we compare TMC results with a solution of conductive heat transfer obtained with
LBGK scheme for diffusion. We evaluate the temporal evolution of the the difference
between the two solution with:

err(t) =

∑

a

√

T 2
TMC(xa, t)− T 2

Diffusion(xa, t)

L2
; (5.2)

where L2 is the total number of lattice nodes, TTMC(xa, t) and TDiffusion(xa, t) are
the temperatures obtained at time t at position xa. The index a spans over all lattice
nodes belonging to the numerical domain. The temporal evolution of err is evaluated
for different order of isotropy of the inter-particle force (an higher order of isotropy
of the inter-particle forces implies a better estimation of the density gradient and a
consequent reduction in spurious velocities at the fluid-fluid interface, see sect.4.3.3)
and different thermal diffusivities (relaxation time τT ). The results are reported
in figs.5.1 and 5.2. In fig.5.1, we observe that a greater isotropy in inter-particle
force increases the accuracy of the results (all the experiments were conducted with
a fix value of τT = 0.501). In fig.5.2, we observe a drastic reduction of the error
with increasing τT (a 4th order isotropy force is used in all the experiments). The
latter result, in particular, highlights the competition between the diffusion and the
advection terms in eq.1.27. For greater thermal diffusivity, the relative contribution
of the advection to the heat transfer is smaller.



84 Chapter 5

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
0

0.02

0.04

0.06

0.08

0.1

0.12

0.14

0.16

0.18

0.2
average error as a function of time. 4 different tau. Isotropy =4

 

tau=501

tau=505

tau=51

tau=55

normailzed time

e
rr

o
r

Figure 5.2: Time evolution of err function 5.2 for different τT values (0.55, 0.51,
0.505, 0.501) during thermal diffusion from an initial hot bubble. During all the
experiments, the 4th isotropy inter-particle force was used. The average error de-
creases increasing the value of τT (or increasing the thermal diffusivity).

5.4 Marangoni and thermo-capillary instabilities

More than a century ago Lord Kelvin and Carlo Marangoni observed that a liquid
with a high surface tension pulls more strongly the surrounding liquid than one with
a low surface tension. If a gradient in surface tension is then present at interface of
a binary system we expect then the liquid will naturally flow away from regions of
low surface tension. This phenomena is called the Marangoni effect.

Surface tension gradients are omnipresent in natural multiphase system, they can
be due to an inhomogeneous distribution of surfactants (dissolved components that
tends to lower the interfacial tension between two liquids) or temperature gradients.
In our work, we are interested in this second class of problems. Generally, the surface
tension λ can readily be assumed to depend linearly on the temperature for small
temperature gradients:

λ = λmax − λT (T (x, t)− Tcold) (5.3)

where λT expresses the variations of λ with temperature. Temperature gradients can
generate surface tension gradients at the liquid-liquid interface with a subsequent
mass transfer due to the Marangoni effects. Convection due to temperature-induced
interfacial stress instabilities are generally called thermo-capillary motions.

One of the best known problems where thermo-capillary effects play an impor-
tant role is Bénard-Marangoni convection. When a thermal gradient is applied on a
two fluid layers (liquid-gas or liquid-liquid), we can expect that (1) thermal convec-
tion occurs because of thermal buoyancy forces (2) Marangoni convection is initiated
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in the presence of surface tension gradients. The importance of these two phenom-
ena can be described using two dimensionless numbers, the Rayleigh Ra and the
Maragoni Ma numbers. As discussed in chapter 1, Ra measures the importance of
buoyancy forces with respect to viscous forces. In a similar way, Ma compares the
importance of the surface tension forces with respect to viscous forces. These two
numbers are defined as:

Ra =
βg∆T l3

να
; Ma =

λ∆T l

ρνα
. (5.4)

From equation 5.4, we observe that both numbers depend on the characteristic size
l of the system, although Ra dependence on l is significantly more important than
Ma. As a consequence, if l is large enough, thermal convection dominates. In
contrast, Marangoni convection dominates when l is small (thin films) or gravity is
small (Kamotania et al., 1995).

Thermo-capillary motion of fluids can be of great importance for industrial appli-
cation, especially for crystal growth and micro-fluids where surface tension induced
motion could represent an economic advantageous approach to drive the motion
of drops and bubbles over surfaces and inside micro-channels. Motivated by these
applications, we investigate numerically the behavior of a gas bubble immersed in
a second fluid under zero gravity but nonzero temperature gradient. If we assume
a linear surface tension λ temperature dependence (see eq. eq.5.3), a temperature
gradient will be responsible for an heterogeneous distribution of interfacial tension
on the bubble surface. We expect then that a shear stress forms on both sides
of the bubble and, if the shear stresses overcome the viscous stresses, the bubble
should start to move from colder to hotter regions. This was shown theoretically
and observed experimentally by Young et al. (1959).

5.4.1 An attempt to model Marangoni instabilities

The introduction of a temperature-dependent surface tension in the Shan-Chen al-
gorithm can be seen as an additional coupling between the LB AD and the SC
schemes. We try to introduce thermo-capillary effects in the model by assuming
Gcoh 1 to be temperature dependent. In graph 4.2b, we observe a quasi-linear rela-
tionship between the surface tension and the interaction strength Gcoh. Hence, we
introduce a temperature-dependence Gcoh

T of the type:

Gcoh
T = Gmax −∆Gcoh

T (T (x, t)− Tcold) (5.5)

where ∆Gcoh
T = (Gcoh

max−Gcoh
min)/∆T . G

coh
max and Gcoh

min delimit the range of interaction
strengths for a temperature contrast ∆T = Thot − Tcold.

In order to test the behavior of our numerical model when a temperature-
dependent surface tension is included, we aim at reproducing Young’s experimental
results: (1) the bubble moves from colder to hotter region and (2) a greater bubble
velocity for larger surface tension gradient. A single bubble of radius R = 25l.u. is
initially placed in the middle of numerical domain of lateral extent nx = 61l.u. and
vertical extent ny = 5nx. On the upper and lower limits of the numerical domain

1Gcoh is the tuning parameter responsible for the surface tension in a binary mixture
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we apply no-slip velocity boundary condition for both fluids. We impose T = Tcold
and T = Thot at the bottom and top walls respectively. On the lateral walls of
the numerical domains we apply periodic boundary conditions for both temperature
and velocity. As initial condition, we choose a linear temperature profile and a zero
gravity environment. In contrast with the theory and laboratory experiments, we
observe, in our calculations, that the bubble moves from a hotter to a colder region.
We also observe that an increase in surface tension gradient leads to an increase
in bubble velocity. In the following discussion, we review some of the problems
associated with the Shan-Chen method for thermo-capillary applications.

The first observation is that the only force present in our calculations are the
inter-particle forces between different fluids. We also know that in an homoge-
neous surface tension environment, the inter-particle forces are homogeneous and
do not induce any bubble movement. We argue than that a surface tension gradient
produces an heterogeneous inter-particles force field. However, the heterogeneous
inter-particles force field at the interface does not produce the correct interfacial
disequilibrium to drive the motion of the bubble.

The first test that we perform is to create an idealized situation where, even
under surface tension gradient conditions, interfacial stresses at fluid-fluid interface
should not generate convection. We do that by substituting the 2D bubble with a
(periodic) stripe of thickness R = 50 l.u. placed perpendicular to the temperature
gradient (see figs.5.3 and 5.4). Doing that we move from a 2D symmetry, where
fluid convection from regions with different surface tension is theoretically possible,
to a 1D symmetry where convection of fluid should not occur (interfacial tension
heterogeneities are eliminated). However, due to the different Gcoh values at the two
fluid-fluid interfaces, the surface tension at the upper and lower interfaces of the
strip is different. A plot of densities and inter-particle forces profiles at the two strip
interfaces (see fig.5.5) shows that 1st) the interface thickness δ changes (different
Gcoh values lead to different δ, see fig.4.3) and 2nd) the local value of the forces
changes (the inter-particle force is constant along the x direction but not along the
y direction. The capillary force is significantly different from zero only at fluid-fluid
interfaces as expected). The integral of the total inter-particle force (sum of the two
fluid contributions) over the whole domain gives a negative value that explain the
movement of the string (and then the bubble) from hotter to colder regions. We
note that in the case of an homogeneous value of Gcoh the string doesn’t move and
the total force is null. This suggest that the bubble moves because of a erroneous
behavior of the inter-particle forces. Moreover, it is noteworthy that the stronger
the surface tension gradient, the bigger the value of the resultant overall force acting
on string and bubble. This observation also explains the increase in bubble velocity
with an increasing surface tension gradient.

In the SC model, the thickness of the diffuse interface between two fluids is grid
size independent. This means that increasing the size of the grid, the spurious effect
of the inter-particle forces should decrease and strip and bubble should slow down.
This observation was tested numerically by performing tests with different grid sizes
of 3 and 6 times bigger than the previously discussed case. The test is relevant
for the following reason: for the case of a 2D bubble, one could argue that the
interfacial tension effect due to thermocapillary forces is dominated by the spurious
force generated by the diffuse interface nature of the algorithm. If we decrease this
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Figure 5.3: Setup for the bubble (Figure a) and the string (Figure b) problems. The
directions of string and bubble movements and the applied temperature gradient
are also reported.
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Figure 5.4: Density profiles for fluids A and B, inter-particle forces, pressure and
interaction strength value Gcoh as a function of the coordinate y at a given coordinate
x0 and time t0 for the string problem.
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Figure 5.5: A zoom of both the densities (1st row) and the interpaticle forces
contributions at both low and high interfaces of a string of fluid A (red) immersed
in a fluid B (blue). We can notice that at the two interface, both their thickness
and the interparticle forces have have different values.
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spurious effect by increasing the grid size, we should expect, at some point, that
the TMC algorithm would reproduce the correct surface tension behavior (a bubble
moving from colder to hotter regions). However, in our calculations, even if we see a
decrease in velocity of the bubble, the direction of motion is still opposite to the one
in laboratory experiments. A further increase in grid refinement is however required
to discard this hypothesis.

We note that similar problems regarding thermo-capillary motion where also
observed with different numerical methods. Jasnow & Vinals (1996) performed the
same 2D bubble calculation using a different numerical approach to discretize the
Cahn-Hilliard equation coupled to Navier-Stokes equations. The authors claimed
that in their calculation bubbles move under the effect of thermo-capillary forces.
However their results show that bubbles are moving in the opposite direction than
what would be predicted by theory. It is interesting to note that two different
methods based on two completely different numerical approaches (lattice Boltzmann
and finite difference respectively), give the same results. This seems to suggest that
algorithms based on or inspired from a mean field approach are not appropriate to
reproduce thermocapillary effects.

Chang & Alexander (2007), however, use a lattice Boltzmann based algorithm
and report a correct Marangoni’s behavior for Rayleigh-Marangoni convection. This
opens interesting questions about how the Shan-Chen model can be used to study
thermo-capillary instability phenomena and if a mean field multiphase approach
(leading to a diffuse fluid-fluid interface) can actually reproduce thermo-capillary
phenomena.



Chapter 6

Thermal reactive multiphase flows in
porous media

6.1 Introduction

In chapter 4, we have seen how capillary forces acting at the pore-scale influence
the distribution and the saturation level of the different fluids forming a multiphase
mixture in a porous medium. Distribution and saturation level control the transport
properties of the system. Because of that, a pore-scale description of the mass trans-
port for the different fluid phases is critical to better understand problems associated
with, as an examples, gas and oil reservoirs, the decontamination of polluted vadose
zone (Lundegard & Andersen, 1996), degassing processes in volcanic environments
(Bachmann & Bergantz, 2006; Huber et al., 2010a) and nuclear waste and CO2 stor-
age in a geological disposal facility (Farcas & Woods, 2009; Woods & Norris, 2010).

Multiphase flow in porous media is often associated with the transport of addi-
tional dissolved components (chemicals, contaminants) or heat. In many instances,
their presence drives reactions at either the fluid-fluid interface (change in surface
tension due to surfactants) or fluid-solid interface (dissolution-melting/precipitation
due to chemical reactions and melting/solidification due to heat transfer between
different phases). These reactions can ultimately affect the porous media geometry
at the pore scale leading to a local change in permeability and phases saturation.
Reactions can therefore have a drastic effect on discharge of mass and advected
quantities. The determination of the length and time scales over which reaction
processes affect the porous media geometry, has fundamental implications for ma-
trix acidification processes in oil reservoirs and the thermal evolution of volcanic
system in magmatic environments.

Mass transport in multiphase porous media flows is controlled by pressure gradi-
ents, buoyancy, viscous and capillary forces. Their relative importance determines
the behavior of the flow in the porous media. Saffman & Taylor (1958) showed that
when the invading fluid has a lower viscosity than the defending fluid, viscous fin-
gering instability grow leading to the development of invading fluid channels. On
the other hand, when the viscosity of the invading fluid is comparable or greater
than the defending fluid, heterogeneous pore geometries and/or fluid saturation can
promote the formation of capillary instabilities (Huber et al., 2010b). The formation
of channels strongly influences the macroscopic (Darcy-scale) fluid discharge. If, in
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some instances, channel formation has a disruptive influence ( e.g. negative im-
pact on oil recovery applications ), it also enhances the transport of chemicals along
preferential flow paths which is a key component in the formation of ore deposits.

The dynamics that control mass transport and channel formation in reactive
porous media is highly non-linear. The force balance acting on each phase requires
to study capillary phenomena at the pore scale. Numerical simulations provide
an attractive tool for the investigation of pore-scale processes. Methods such as
dissipative particle dynamics (Hoogerbrugge & Koelman, 1992), smoothed particle
hydrodynamic (Gingold & Monaghan, 1977) and lattice Boltzmann methods (LBM)
(Chen & Doolen, 1998) have been used for example to study pore-scale processes
in a multiphase fluid flow environment. On the other hand, pore-network models
offer a lighter computational alternative, but unphysical assumptions such as sat-
uration limited to either 0 or 1 for each fluid in each pore rule them out to study
reactive flows at the pore-scale (Meakin & Tartakovsky, 2009) . In contrast, the
simple implementation of flows in complex geometries in both single and multiphase
environment (Martys & Chen, 1996; Olson & Rothman, 1997; Sukop et al., 2008;
Boek & Venturoli, 2010) together with the efficient parallelization of lattice Boltz-
mann algorithms (Chen & Doolen, 1998) make LBM an ideal tool for our study.

In this chapter, we focus on the effect of melting on the flow of an invading
buoyant non-wetting fluid in a porous medium. We use largely parallel numerical
calculations and simple scaling arguments to study the formation and viability of
capillary channels (channels of non-wetting fluid formed by capillary instabilities)
as they transport reactant/heat through an evolving porous medium (dissolution-
melting). We investigate the effect of melting on the stability of these channels and
characterize the distribution of melting/reaction in the porous medium for different
injection rates and melting efficiencies.

In the following section, we describe the physical model for the system under
investigation and introduce shortly the conservation equations relevant to our calcu-
lations. In Section 6.3, we quickly summarize the LB algorithm for thermal reactive
multiphase flow in porous media developed for this study. The algorithm solves for
the conservation of momentum for each fluid and the conservation of enthalpy for
the three different phases (solid and the two immiscible fluids). In the third section,
we present scaling laws and numerical results to address the question of the stability
of capillary channels and the mass/heat transport associated with them.

6.2 Physical Model

Our study focuses on the effect of reactant transported by a buoyant non-wetting
fluid injected at the base of a porous medium. Because of the non-linear nature of
the problem, where the dynamical coupling between the three different phases (two
immiscible fluids and solid) at the pore-scale governs the evolution of the porous
medium, we focus on a pore-scale, in opposition to Darcy-scale, description of the
system. To simplify the following discussion, we use melting and heat transfer as
an example, but the discussion applies also to dissolution problems associated with
chemicals transported by the non-wetting fluid (governed by the same set of equa-
tions). We assume that a porous medium made of two different solid, one melting
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Table 6.1: List of symbols

symbol description dimensions

Bo Bond number
Ca Capillary number
ci specific heat phase i J kg−1 K−1

Fo Fourier number
g gravitational acceleration m s−2

Eni enthalpy phase i Jkg−1

ki thermal conductivity phase i J kg−1 s−1 K−1

Lf latent heat of fusion J kg−1

Pe Peclet number
p pressure Pa
qnw volume rate of injection for non-wetting phase m3 s−1

Qi heat flux phase i J m−2 s−1

St Stefan number
Ti local temperature phase i K
Tm melting temperature fertile solid K
T0 initial temperature for injected non-wetting phase K
T stress tensor Pa
ui velocity fluid i m s−1

Vi volume of phase i m3

λ surface tension Pa m
Γm melting rate kg s−1

Γinj mass injection rate non wetting fluid kg s−1
αeff multiphase radial thermal diffusivity m2 s−1

ασ radial thermal diffusivity phase i m2 s−1

η viscosity ratio
µj dynamical viscosity fluid phase j Pa s
ξ thermal diffusivities ratio
ρi density phase i kg m−3

φ porosity
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Figure 6.1: Snapshots of calculations with a Stefan number St=0.1 and a local
Pe=42. The porous medium contains approximately 20.000 crystals and has an
initial porosity of 0.41. (Left) shows density contours for the non-wetting fluid, note
the connected pathways (capillary channels). A fixed mass of buoyant non-wetting
fluid is injected at a fixed frequency in the inlet region (below the porous medium).
(Middle) Normalized excess enthalpy (superheat) carried by the non-wetting fluid.
Bubbles are injected in the inlet with a normalized superheat of 1 (0 represents the
enthalpy of melting of the porous medium) and provide the heat to partially melt
the porous medium. (Right) The non-wetting fluid velocity (here the magnitude) is
controlled by the geometry of the pathways, the buoyancy (Bond number) and the
injection rate (Capillary pressure).

at a lower temperature (fertile solid fraction) and one melting at a temperature
outside of the range of interest in our calculations (refractory solid fraction) is ini-
tially saturated with a neutrally buoyant fluid (see Figure 6.1). The fluid and solid
are initially in thermal equilibrium at the melting temperature of the fertile solid
fraction Tm. The base of the porous medium is then subjected to the injection (at a
volume rate qnw) of a buoyant non-wetting fluid at a temperature T0 > Tm. We also
raise the boundary condition on temperature at the base of the porous medium to
T0 (thermal equilibrium with the bubbles of injected non-wetting fluid). Table 6.1
lists the different symbols used here and in Section 6.4.

The heat transfered from the lower boundary and from the ascending non-wetting
fluid bubbles is transfered to the wetting fluid and porous matrix resulting in the
partial dissolution/melting of the latter. Because of capillary forces and hetero-
geneities in the pore size distribution of the porous medium, capillary instabilities
develop and control the spatial distribution of the invading non-wetting fluid and
therefore the localization of melting. The viscosity ratio between the two fluids can
have a strong influence on the development of capillary instability and the discharge
of non-wetting fluid through the porous medium. Our calculations assume for sim-
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plicity a viscosity ratio between the two fluid phases of 1, the importance of the
viscosity ratio will be assessed in further studies.

The problem we are solving is described by the mass conservation for each of the
two fluids and the solid fraction in the porous medium

∂ρs(x)

∂t
= −Γm(x) (6.1a)

∂ρw(x)

∂t
+∇ · (ρw(x)uw(x)) = Γm(x) (6.1b)

∂ρnw(x)

∂t
+∇ · (ρnw(x)unw(x)) = Γinj(x), (6.1c)

where Γm is the melting rate, Γinj is the mass injection rate of non-wetting fluid,
ρs, ρw and ρnw are respectively the local density of solid, wetting and non-wetting
fluids, uw and unw are the wetting and non-wetting fluids velocities. The injection
rate of non-wetting fluid can be described in terms of an injection Capillary number
Ca = qnwµnw/(λR

2) (Lenormand et al., 1988; Ewing & Berkowitz, 1998), where qnw
is volume rate of injected non-wetting fluid, λ the surface tension between the two
fluids and R a reference lengthscale here fixed to the average pore radius size.

Γinj =
ρnwCaλR

2

µnw

. (6.2)

Momentum conservation for the two fluids yields

∂ρw(x)uw(x)

∂t
+ (ρw(x)uw(x) · ∇)uw(x) = ∇ · Tw(x) + Φw(x) (6.3a)

∂ρnw(x)unw(x)

∂t
+ (ρnw(x)unw(x) · ∇)unw(x) = ∇ · Tnw(x) + Φnw(x), (6.3b)

where T is the stress tensor, Φw and Φnw are inertial terms associated with respec-
tively melting and injection

Φw(x) = Γm(x)uw(x) (6.4a)

Φnw(x) = Γinj(x)unw(x). (6.4b)

The stress tensor for each fluid phase is given by

Ti = −pI + µi

(
∇ui +∇uT

i

)
+ ρi(g · x)I, (6.5)

where I is the identity matrix, p the pressure and g the acceleration due to gravity.
Normalizing velocities by U = (ρw − ρnw)gR

2/µw and length scales by the average
pore radius R, the stress jump associated with surface tension at the interface be-
tween the two fluids becomes (Stone & Leal, 1990; Pozrikidis, 1992; Manga & Stone,
1993)

n · T ∗

w (x)− ηn · T ∗

nw(x) =
1

Bo
(∇s · n)n− (ĝ · x)n (6.6)

where the superscript ∗ refers to a dimensionless variable, x is located at the interface
between the two fluids, n is the outward normal to the interface, ∇s is the gradient
along the interface and η = µnw/µw.
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Finally, we solve for the conservation of enthalpy for the three phases

∂ (ρscsTs)

∂t
= −∇ ·Qs (6.7a)

∂ (ρwcwTw)

∂t
= −∇ ·Qw (6.7b)

∂ (ρnwcnwTnw)

∂t
= −∇ ·Qnw, (6.7c)

where Ti refers to the temperature of phase i, ci to the specific heat and Qi the heat
flux

Qs(x) = −ks∇Ts(x) (6.8a)

Qw(x) = ρw(x)cwuw(x)Tw(x)− kw∇Tw(x) (6.8b)

Qnw(x) = ρnw(x)cnwunw(x)Tnw(x)− knw∇Tnw(x), (6.8c)

with kσ the thermal conductivity of phase σ. Melting is introduced by matching
the heat fluxes across the solid-fluid interfaces, using the same velocity and length
scales as for the stress jump at the fluids interface we obtain an explicit formulation
for Γm(x)

u∗

w(x)T
∗

w(x)−
1

ξηPe
∇∗T ∗

w(x)+Λu∗

nw(x)T
∗

nw(x)−
1

Pe
∇∗T ∗

nw(x) = − 1

A∇∗T ∗

s+
1

ηSt
BΓm(x),

(6.9)
where St = cnw(T0 − Tm)/Lf , T0 is the temperature of the non-wetting fluid at the
injection, Tm the melting temperature of the fertile fraction of the porous medium
(T0 > Tm), Lf the latent heat of fusion, Λ = ρnwcnw/(ρwcw), ξ = αnw/αw, Pe =
UR/(αnw) is the Peclet number for the non-wetting fluid, A = ρwcwRU/ks and
B = (ρwUR2)−1. In Eq. (6.9) , we assumed that the fertile solid fraction melts as a
pure substance (fixed melting temperature Tm) similarly to a Stefan problem.

This set of governing equations together with the set of stress and heat trans-
fer boundary conditions between the different phases fully describes the dynamical
evolution of the system for a given (evolving) porous matrix geometry. The follow-
ing section presents the numerical strategy we developed to solve this complex and
highly coupled set of equations.

6.3 Numerical model; why did we choose lattice

Boltzmann?

Our choice of numerical method is dictated by the necessity of solving for the multi-
phase dynamics at the pore-scale (1) to avoid resorting to poorly constrained consti-
tutive equations and (2) to solve for the reactive process and the feedback between
flow and reactant transport associated with melting/dissolution. The field of multi-
phase flows in porous media has an extensive literature, an important part of which
is devoted to numerical models to investigate fingering phenomena in porous media.
A first class of model assumes a Darcy-scale description of the multiphase flow and
is based on various extensions of Richards equation. The stability of the standard
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Richards equation RE to fingering has been shown and demonstrated rigorously
by (Eliassi & Glass, 2001; Egorov et al., 2003; van Duijn et al., 2004; Nieber et al.,
2005; Först et al., 2009).

Several authors have modified RE successfully to reproduce fingering instabil-
ities qualitatively equivalent to observed experiments. Nieber et al. (2003, 2005),
Chapwanya & Stockie (2010) showed that, in the context of RE, the growth of fin-
gering instabilities require the inclusion of non-equilibrium effects to correct for
the evolution of the capillary pressure in response to saturation changes. This is
usually done by introducing a relaxation to equilibrium, but the choice of the re-
laxation functional form remains an open question (Chapwanya & Stockie, 2010).
Felgueroso & Juanes (2008, 2009b,a) used a different approach in an analogy with
low Reynolds number gravity currents (Huppert, 1982) to justify the introduction of
an additional term in RE that allows for fingering instabilities to grow. Nevertheless,
the latter model still requires constitutive equations to account for pore-scale effects
at the Darcy scale, such as the relative permeability-saturation relationship and the
macroscopic surface tension. These constitutive equations are very sensitive to the
topology of the porous medium and, for realistic geometries, cannot be derived from
first principles.

Another field of numerical investigations for the invasion of a fluid in a sat-
urated porous medium is based on pore-network models (Lenormand et al., 1988;
Ewing & Berkowitz, 1998; Blunt, 2001). These models solve a simplified dynamics
at the pore-scale, where for example every pore is fully saturated by one phase or
the other. The capillary coupling between the two phases is then greatly simplified.
The scale of resolution of these models is one node per pore, no gradients of flow
velocity or scalar fields can be computed and as a result these models cannot solve
for solute transport by one of the two fluid phases.

These different considerations directed our choice for a numerical approach to
the lattice Boltzmann method. The numerical model we use for this work can
resolve the fluid dynamics and the solute or heat transport at the right scale and
avoid the requirement of poorly-constrained constitutive relationships that could
affect the results of our calculations. As for the channelization effect study (see
Section 4.4), in this work, the dynamics of the multiphase fluid flowing in the porous
media is resolved using the Shan-Chen method (see Section 4.3). In this chapter
we focus our attention on modeling the exchange of heat between the solid phase,
the wetting phase and the non-wetting phase. Changes in porous matrix geometry
due to melting/solidification processes are also taken into account. For simplicity,
we assume in our calculations that the wetting fluid and the solid are two phases of
the same pure substance. The solid-wetting fluid melting is therefore described by
a pure substance melting (fixed melting temperature) and then modeled using the
melting/solidification LB algorithm discussed in chapter 2. The enthalpy field, as
in chapter 5 is advected in the porous media by the moving fluids with velocity utot

as in Eq. 4.8.

In order to obtain results that are significant beyond the pore scale (representa-
tive elementary volume (REV) at the Darcy-scale), we use a porous medium large
enough (order of several thousands of pores) to yield statistically significant re-
sults. In this work, all calculations used a synthetic porous media matrix com-
posed with ≈ 20.000 crystals with various shapes and sizes representing a grid with
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200 × 200 × 300 lattice nodes (see Figure 6.2). The mean pore radius is about 10
grid nodes (this lengthscale will be used later as the characteristic length to normal-
ize distances). As usual, we generate numerically a crystalline porous matrix using
a nucleation and growth algorithm derived from the model of Avrami (1940) and
modified by Hersum & Marsh (2006). In this work, we build the solid matrix with
two different kinds of crystals assuming that they have different melting tempera-
tures. The first type of crystal occupies 38% (see Figure 6.2a) of the sample volume
and has a melting temperature T = Tm that corresponds to the initial temperature
of the wetting fluid and porous medium. The second crystal family represents 21%
(see Figure 6.2b) of the sample volume and was set with a melting temperature such
that it will never melt during the course of our calculations. The initial porosity of
our synthetic sample is, then, 0.41 (see Figure 6.2). We assume that the thermal
diffusivity for the solid and wetting fluid are identical and we impose a constant
diffusivity ratio ξ = αnw/αw = 1/7, where αnw is the thermal diffusivity for the non
wetting phase (this choice is motivated by the application to volatile infiltration in
magmatic environments).

The chosen lattice size and the number of distribution functions needed to im-
plement our LB thermal multiphase code, make our calculation computationally
challenging. The local nature of the LB and the efficiency of the code we used,
based on the Palabos platform, allowed us to perform approximately 60 calculations
at 4 different St numbers and 4 different Pe numbers, where each simulation was
run on 2000 processor for running times between 12− 60hrs.

In Figure 6.1 we report the geometry and setup of our problem. We keep the
temperature at the injection chamber constant and equal to T0, thus, the injected
non-wetting fluid rises from the inlet region with the same temperature (for more
details about inlet/outlet boundary condition for the non-wetting phase see Sec-
tion 4.3.4). As outlet boundary condition, both density and enthalpy are absorbed
exponentially at the fading chamber level (over 70 nodes above the porous medium).
The distance over which density and temperature are decaying and the strength of
the decay (decay constant) are set again by trial and error in order to minimize as
much as possible the flow field and heat transfer in the porous medium.

6.4 Results and Discussion

The injection of a non-wetting fluid phase in a saturated porous medium has been
the subject of a wide literature over the last half century. The different dynamical
regimes that describe the distribution of the invading fluid phase (here non-wetting):
capillary instability, viscous fingering instability and stable front propagation are
generally cast in terms of three dimensionless numbers (Lenormand et al., 1988;
Ewing & Berkowitz, 1998; Blunt, 2001)

Ca =
qnwµnw

R2λ
Capillary number (6.10)

Bo =
∆ρgR2

λ
Bond number (6.11)

η =
µnw

µw

Viscosity ratio, (6.12)
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Figure 6.2: Solid fraction of the porous medium for this study. The initial porosity is
0.41. The texture is composed of two different solids. The first family of “crystals”,
hereafter called the fertile fraction, is set initially at its melting temperature (pure
substance melting) and represents about 38% of the sample volume. The second
family, hereafter called the refractory fraction, occupies 21% of the sample volume
and never melts during our calculations.

where the indices w, nw respectively refer to the invading non-wetting and defending
wetting fluids, µ is the dynamical viscosity, λ the surface tension between the two
fluids, ∆ρ their density difference, qnw the volume of invading fluid injected in the
porous medium per unit time and R a characteristic lengthscale of the system,
hereafter set to the average pore radius. In Section 6.2, we showed that a couple
more dimensionless numbers are introduced for reactive flows: the Stefan number
that compares the amount of enthalpy associated with the dissolution/melting of
the matrix to the amount of enthalpy stored in the system and the ratio of reactant
diffusivity for the two fluid phases. This following discussion applies to any type of
reactive flows where the reaction is linear. Hereafter, we focus on a thermal problem
where the reactant correspond to the heat transported by conduction and advection
processes from an hot region (infinite source of heat) placed beneath the crystalline
porous matrix, in the colder porous medium.

St =
c∆T

Lf

Stefan number (6.13)

ξ =
αnw

αw

Diffusivity ratio. (6.14)

In the definitions above, ∆T = T0 − Tm is the temperature difference between the
injected non-wetting fluid and the melting temperature of the fraction of the matrix
susceptible to melting, c the specific heat, Lf the latent heat of fusion. In all the
calculations presented here, η and ξ are fixed to respectively 1 and 1/7. In the
following section, we explore the effect of the different dimensionless numbers on
the heat and mass transfer associated with the injection of a superheated invading
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fluid. We start with the Stefan number and discuss the importance of melting on
the mass transfer of the invading fluid.

6.4.1 The effect of the melting/dissolution (Stefan number)

Let us first define a stable capillary channel as a connected channel of the non-
wetting phase (formed by a capillary instability) that remains connected and active
for heat and mass transfer throughout the course of one of our calculations. In
this section, we discuss the stability of these non-wetting fluid channels in face of
the partial melting/dissolution of the porous matrix. We focus on the dynamics
of capillary channels as they control the heat transfer beyond the melting front
associated with heat diffusion and host the majority of the mass transport of non-
wetting fluid through the porous matrix.

Although elongated channels of fluid imbedded in an unbounded and immis-
cible viscous or inviscid ambient fluid have been shown to be unstable in pres-
ence of capillary forces (see for example Newhouse & Pozrikidis, 1992; Eggers, 1993;
Papageorgiou, 1995; Chen & Steen, 1997; Day et al., 1998; Zhang & Lister, 1999;
Sierou & Lister, 2003; Quan & Jua, 2008), the effect of confining solid boundaries
and steady flow through the channel have been suggested to slow down the breakup
of the channel into bubbles or slugs (Tomotika, 1935; Hagedorn et al., 2004). In a
dynamical setting such as when capillary channels invade a porous medium, how-
ever, these structures are known to be able to remain stable over the duration of
laboratory or numerical experiments as long as the injection rate of the invading
fluid remains constant. One could therefore argue that the confinement of the two
fluid phases in a porous medium and a steady injection rate of invading fluid that can
sustain a high local saturation of invading fluid in the channel are able to stabilize
the channel at least over much greater timescales.

The topology of the porous medium, and therefore of the buoyancy-driven cap-
illary channels of non-wetting fluid, are complex (see Figure 6.7). Our calculations
clearly show the influence of the Stefan number on the stability of channels (Fig-
ure 6.3). In order to better understand qualitatively the role of melting/dissolution
on the dynamics of the invading fluid, we assume a much simpler conceptual model
where the non-wetting phase occupies a perfect cylindrical channel at the center
of a cylindrical tube wetted by the other fluid (axisymmetrical annular flow). Fig-
ure 6.4a, shows the simplified geometry in 2D and defines some useful notation. We
first assume a multiphase axisymmetrical flow with constant radius Rg (radius of
the non-wetting fluid) and R1 for the wetting fluid. The solution to this annular
flow is

u(r) =

{

− 1
4µw

dp
dz
(R2

1 − r2) Rg ≤ r ≤ R1

− 1
4µnw

dp
dz

(
R2

g − r2
)
− 1

4µw

dp
dz

(
R2

1 −R2
g

)
0 ≤ r ≤ Rg,

(6.15)

where z is the direction along the axis of the cylinder, dp/dz is the dynamical
pressure gradient causing the flow and µnw, µw are respectively the viscosity of the
non-wetting and wetting fluid. Because of the symmetry of the problem (constant
radius) capillary effects can be neglected. The angle θ between the velocity gradient
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St=0.01 St=0.1 St=1.a. b. c.

Figure 6.3: Comparison between the non-wetting phase distribution in three calcu-
lations with different melting efficiencies (St). At low St (a), channels of non-wetting
fluid are well-defined and stable. As the melting efficiency increases (increasing St),
channels become less stable (b-c) and eventually break into slugs or bubbles. Note
in transparency the decrease in crystallinity (increase in porosity) in the lower part
of the texture because of melting.

in the radial direction at Rg is related to the viscosity ratio η

θ = atan

(
du

dr
|R+

g

)

− atan

(
du

dr
|R+

g

1

η

)

, (6.16)

where η = µnw/µw and R+
g is the limit Rg + ǫ > Rg for ǫ→ 0.

In order to see how the non-wetting fluid channel behaves when a section of the
confining solid is subjected to melting, we assume that the radius R1 is perturbed
to a new radius R′

1 > R1 over a depth ∆z. To simplify the discussion, we assume
that only a small subregion of the channel was affected by melting (because of
heterogeneous solid melting temperatures for example, like in our more realistic
calculations) and that the axisymmetry is conserved. Moreover we will assume that
the region ∆z over which melting increased R1 → R′

1 > R1 is deep compared to the
depth over which the gradients dR′

1/dz are significant and that a Hagen-Poiseuille
flow can approximate the flow solution in ∆z far away from the boundary of ∆z. In
this case, at steady-state, the solution for the flow within ∆z is

u′(r) =

{

− 1
4µw

dp′

dz
(R′2

1 − r2) R′

g ≤ r ≤ R′

1

− 1
4µnw

dp′

dz

(
R′2

g − r2
)
− 1

4µw

dp′

dz

(
R′2

1 −R′2
g

)
0 ≤ r ≤ R′

g,
(6.17)

where the prime denotes variables that have been perturbed by a melting event that
lead to the new configuration shown in Figure 6.4b. After melting, mass conservation
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Rg

R1

Rg

R1

R1’

z

a. b.

θ

θ

θ
θ'

Figure 6.4: Conceptual model of axisymmetrical annular flow. (a) illustrates the
steady-state flow expected when the channel has a constant radius. (b) shows that,
when a section of the channel is wider (R′

1 > R1), mass conservation imposes that
the flow is slowed down in the wider region (see Eq. (6.19)). The varying radius
introduces curvature at the interface between the non-wetting and wetting fluids
and, together with the longitudinal stretching of the channel above the wider region,
destabilizes the channel. See the text for more details.
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for both fluids requires that

qw = π

R1∫

Rg

u(r)rdr = π

R′

1∫

R′

g

u′(r)rdr (6.18a)

qnw = π

Rg∫

0

u(r)rdr = π

R′

g∫

0

u′(r)rdr. (6.18b)

We can therefore solve for the new pressure drop dp′/dz and non-wetting channel
radius R′

g as function of the change in radius due to melting R1 → R′

1. The non-
wetting channel radius in the wider part of the conduit is then given by

R′

g =

√√
4AC + B2

2A
− B

2A
, (6.19)

where

A = R2
1

[

2

(
1

4
− η

2

)
(
R2

1 −R2
g

)
− η

2
R2

g

]

B = R′2
1

[

R4
g

(
1

2
− η

2

)

+ ηR4
1

]

C = 2R′4
1

[

R4
g

(
1

4
− η

2

)

+
η

2
R2

1R
2
g

]

.

Figure 6.5 illustrates the dependence of the capillary channel radius in the wider
conduit (R′

g) as function of the change in conduit radius R′

1. For R′

1 > R1, the
channel becomes wider (R′

g > Rg). This results from a the fact that melting pushes
the no-slip boundary at R1 further away and therefore decreases the shear stress at
the boundary when R′

1 −R′

g > R1 −Rg.
As qnw ∝ UnwR

2
g, where Unw is the average velocity of the non-wetting phase in

the capillary channel, we expect that the average flow velocity in the wider region
is decreased by a factor (Rg/R

′

g)
2. This induces longitudinal gradients of velocity

∂u/∂z in the vicinity of ∆z, where the flow is slowed down when the non-wetting
phase approaches the widening of the conduit. This leads to an accumulation of
non-wetting fluid. The stretching of the channel above the wider region and the
longitudinal perturbation of radius Rg with z around ∆z are expected to favorize
capillary instabilities that can cause the breakup of the channel into slugs or bubbles
of non-wetting fluid.

In our numerical model, the injection rate of buoyant non-wetting fluid remains
constant throughout every calculation. The local increase in porosity associated
with melting directly affects the local non-wetting phase saturation Snw

dSnw

dt
=

1

V φ(0)

dVnw
dt

− V
(0)
nw

V φ(0) 2

dφ

dt
, (6.20)

where the superscript 0 refers to an initial condition, V is the reference volume of
porous medium, Vnw is the volume of non-wetting fluid in V and φ the porosity.



104 Chapter 6

Eq. (6.20) shows that when the increase of volume of non-wetting fluid induced by
the longitudinal reduction of flow velocity associated with melting does not keep
up with the porosity increase, the local saturation of non-wetting fluid decreases,
the capillary channel is unstable and eventually breaks. The two time derivative in
Eq. (6.20) introduce two competing timescales, τnw ∼ ∆z

[
(R′2

g −R2
g)/R

2
g

]
/Unw for

the volume change of non-wetting fluid and a timescale for the porosity evolution
(melting) τm ∼ R2

1/(ζ
2(St)αeff ). In the definition of τm, ζ(St) is an implicit and

monotonically increasing function of St (see Eq. (6.25)) and αeff is a multiphase ra-
dial thermal diffusivity. For an axisymmetric annular flow, assuming a temperature
drop across the pipe radius R1 of ∆T = ∆Tnw +∆Tw, we get

knw
∆Tnw
Rg

∼ kw
∆Tw

R1 −Rg

, (6.21)

where ki is the thermal conductivity of phase i and ∆Ti is the radial temperature
drop in the fluid i. The effective multiphase thermal diffusivity in this simplified
geometry becomes

αeff ∼ αnw

(

1− ∆Tw
∆T

)
R1

Rg

, (6.22)

where ∆Tw is given by

∆Tw ∼ αnwcnwρnw∆T (R1 −Rg)

αwρwcwRg + αnwcnwρnw(R1 −Rg)
. (6.23)

If the τm < τnw, i.e. the Stefan number is large or the injection rate is small,
melting is expected to reduce the local saturation of non-wetting phase which at
some point will lead to the breakup of the capillary channel, on the other hand if
τm > τnw then Snw decreases only slowly and the channel remains stable for a longer
duration.

Our discussion on the effect of melting on the breakup of capillary channels
in porous media has been limited so far to isochoric (no volume change) phase
changes during melting. Most substances (except for example water) exhibit a
volume increase upon melting. In this particular case, we hypothesize that the
volume increase associated with the phase change will promote the destabilization of
the channel as the local overpressure is expected to accelerate the pinch-off process.

6.4.2 Injection rate, capillary number

Lenormand et al. (1988); Ewing & Berkowitz (1998); Blunt (2001) discussed the im-
portance of the injection rate of an invading fluid in the generation of capillary or
viscous fingering instabilities. They showed that for viscosity ratios close to unity
(η ∼ 1), corresponding to our calculations, instabilities originate from capillary ef-
fects as long as the injection rate or Ca does not exceed a value of about 1. Our
calculations are set with a fix viscosity ratio η = 1, a fix Bond number Bo ∼ 0.1 and
over a range of capillary numbers Ca ∼ 10−4 − 10−1, where the latter two numbers
use the initial average pore radius as the reference lengthscale. A major difference
between our calculations and typical capillary instabilities lies in the fact that, in a
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Figure 6.5: Results from the simplified analytical axisymmetric annular flow model
shown in Figure 6.4. The results illustrate how the non-wetting fluid channel adjusts
(after reaching a new steady-state) to a change in radius R1 for different values of
viscosity ratio η.
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melting environment, the dimensionless numbers St, Bo and Ca are evolving with
time because (1) the non-wetting phase loses heat to the wetting fluid and to melt
the porous matrix and (2) the average pore radius evolves with time as a result of
melting. In this section we briefly discuss how melting affects Ca.

A time-dependent definition of the Capillary number for the injection of the
invading fluid includes the evolution of the average radius size of the relevant pores
which are bound to increase because of melting. Using the same model as above,
where the multiphase flow through the porous medium is simplified to an annular
flow through a vertical pipe, we assume that melting increases the radius of the pipe
at a certain level of the porous media according to

R1(t) = R
(0)
1 + 2ζ

√
αeff t. (6.24)

Assuming a simplified heat transfer problem in a cylinder (Carslaw & Jager, 1959),
ζ becomes

ζ2 exp(ζ)Ei(−ζ2) + St = 0, (6.25)

where Ei1 is the integral exponential function. Figure 6.6a shows the evolution of
Ca versus time (normalized using the Fourier number Fo ≡ αeff t/R

2
1) for different

St for this idealized melting problem. This illustrates that although the injection
rates of non-wetting fluid qnw remain constant for each calculations, Ca decreases
faster for greater St. In the pore-network calculations of Lenormand et al. (1988),
the invading fluid flows in response to the injection rate solely (no buoyancy) and
capillary instabilities percolate through the porous medium as long as Ca remains
finite. For buoyant flows, however, the situation is different. If the mass flow rate of
the buoyant non-wetting phase locally exceeds the injection rate (which is possible
at low Ca or high Bo), capillary channels can break into slugs disconnected from
the injection region.

We conducted calculations with various injection rate values, and hence Ca,
for fixed Bo = 0.1 to test (1) if capillary channels where able to grow and (2)
measure the characteristic non-wetting fluid velocity (defined as about 1/2 of the
maximum velocity) in the main capillary channel. The results are summarized in
Figure 6.6. We see that below a given value of injection rate corresponding here to
a critical Cacr ∼ 3× 10−3, the non-wetting phase rises through the porous medium
as disconnected slugs or bubbles. All the calculations reported in the next sections
have been performed with an initial Ca > Cacr in order to observe the dynamics
of capillary channels, however, as discussed above (see Figure 6.6a), Ca decreases
with time because of melting. We note that the simple Ca evolution trends shown in
Figure 6.6 assume a constant St, which is an obvious overestimate of the evolution of
the melting efficiency as the superheat in the non-wetting phase decreases with time
and distance away from the injection point (due to heat absorbed by the wetting
fluid and the solid matrix).

To summarize, the competition between the injection rate of non-wetting buoyant
fluid (Ca), buoyancy (Bo) and superheat (St) controls the stability of capillary
channels during our calculations. We observe that for large amount of superheat
or large buoyancy and small injection rates, channels can be destabilized and break

1The integral exponential function is the special function defined for x 6= 0 Ei(x) =
x∫

∞

exp t

t
dt
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Figure 6.6: Simplified temporal (dimensionless, see text) evolution of the capillary
number Ca for the non-wetting fluid injection (a). Ca is expected to decrease with
time even for constant injection rate because of its dependence on the channel ra-
dius (the radius increases because of melting). The rate of Ca decrease is controlled
by the Stefan number St (see Eq. (6.25)). As Ca decreases, the non-wetting fluid
saturation Snw decreases (at constant injection rate) and channels are no longer
stable. The threshold value here is obtained from calculations where we vary the
injection rate at constant Bond and Stefan numbers. Melting (St) and buoyancy
(Bo) start to prevent the growth of connected channels in the porous medium if the
injection rate or Ca becomes to small (b). The vertical axis in panel (b) represents
the aspect ratio of isothermal contours in non-wetting fluid channels (set at a di-
mensionless temperature of 0.1, 0=melting temperature and 1=injected non-wetting
fluid temperature).)
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into slugs under the action of capillary forces. Moreover, the dimensionless numbers
describing the balance between injection of non-wetting fluid, buoyancy and capillary
forces vary temporally and spatially because of localized melting. For instance, Ca
decreases with time locally because of the evolution of the channel radius with
melting. The superheat carried by the non-wetting phase (which is responsible
for melting deep in the porous medium) is gradually absorbed by the surrounding
melt and the latent heat of the matrix. As a result, the melting efficiency (St)
decreases with time and also with distance from the injection region. At large
St, we observe (Figure 6.3) that melting inhibits the formation and stability of
capillary channels, however, as time progresses and at greater distance from the
lower boundary (injection region), St is significantly reduced and a situation similar
to low St number regimes (growth of long-lasting capillary channels) is recovered.
This observation encourages us to focus on calculations at intermediate to low St
(< 1) where capillary instabilities control the heat and mass flux associated with
the invading fluid, because they are also consistent with the mode of heat and mass
transfer at higher melting efficiencies beyond a small buffer region (a few pore radii
above the injection region in our calculations) where melting absorbs most of the
superheat.

6.4.3 Reactant transport

In this section, we discuss the non-wetting fluid mass and associated heat transport
in capillary channels. We define a local Peclet number to quantify the ratio of
advective to diffusive reactant/heat transport in capillary channels

Pe =
ul,nwRl

αeff

, (6.26)

where the subscript l refers to local, i.e pore-scale definitions, Rl is a characteristic
pore radius in the capillary channel, ul,nw is a characteristic non-wetting phase flow
velocity in the channel (usually about 50 % of the maximum velocity) and αnw is
the thermal/reactant diffusivity of the non-wetting fluid. We emphasize that this
definition of the Peclet number measures the relative contribution of reactant trans-
port in capillary channels at the pore-scale, and, as such is not a direct macroscale
measure of the reactant/heat transport in the porous medium. Figure 6.7 illustrates
the typical results with snapshots showing the distribution of mass, excess enthalpy,
temperature (isotherm contour (T − Tm)/Tm = 0.1) and velocity magnitude we ob-
tain at low Stefan number (St=0.1). The two rows allow to compare visually the
behavior of our results for two different local Peclet numbers.

In order to quantify the penetration of non-wetting phase and heat in the porous
medium vertically from the injection region (inlet), we discretize the porous medium
in N (generally using N = 6) equal-sized horizontal sections (see Figure 6.8a). The
number of sections (N), and, therefore the thickness of each layer ( 50 calculations
point along the vertical dimension for N = 6) is chosen to be large enough to provide
robust statistics about the temporal evolution of the average porosity and gas satu-
ration in each layer and small enough to gain a better understanding of the vertical
distribution of melting and gas transport. Because of the random distribution of
grains/crystals with a melting temperature greater than the maximum temperature
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Figure 6.7: Comparison of two calculations at St=0.1 with different local Pe values
(local here refers to the Peclet number measured in the main capillary channel,
see text for clarifications). We show (a) density contours for the non-wetting fluid,
(b) the normalized excess enthalpy carried by the buoyant non-wetting fluid, (c)
an isotherm (at 0.1) and (d) the normalized velocity magnitude of the non-wetting
fluid. We observe that, for Pe=7, the melting front is more localized to the region
where the front propagates by diffusion from the inlet region, whereas, for Pe=42,
the heat transfer is penetrates deeper in the porous medium.
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Figure 6.8: We cut the porous medium into N (here N = 6) layers to better track
the temporal and spatial evolution of the melting front in the porous medium (a).
(b) shows an example of normalized porosity evolution (defined in Eq. (6.27)) for
the different layers, where time is made dimensionless using the thermal diffusion
(for non-wetting phase) timescale. (c) shows the temporal evolution of mi defined
in (6.28). These functions allow us to track the migration of the melting front and
to assess the depth of penetration of the heat transfer into the porous medium as
function of time.

of the system (corresponding to about 21% of the volume of the sample), each layer
is expected to have a different amount of these refractory phases (see Figure 6.2).
To compare the amount of melting in each layer, we normalize the porosity to

φ∗(zi, t) =
φ(zi, t)− φmin,i

φmax,i − φmin,i

, (6.27)

where zi references the position of the layer (zi = 1, 2, 3, . . . N from the lowest to
the top layer), φmin,i and φmax,i are respectively the initial and maximum porosity
(1-refractory phase fraction) of the layer (Figure 6.8b).

One would expect that at low Pe, when heat transfer is dominated by diffusion
from the inlet region, melting would be, at least at early times (t≪ (N ∗ dz)2/αeff ,
where dz is the distance between zi and zi−1), confined only to the lower layers. In
contrast, at high Pe, when channels of non-wetting fluid are developed, the pene-
tration depth of heat and melting in the porous medium is expected to grow with
increasing Pe. To compare the contemporary evolution of the porosity in each layer
and assess the localization of melting vertically, we introduce

mi(t) = (φ∗(zi, t)− φ∗(zi+1, t)) . (6.28)

The mi are generally positive functions which initially grow as the lower layer of
the couple (i) experiences initially more melting. They reach a maximum when the
melting rate of the two layer is comparable and finally decrease monotonically once
the melting front is shifted upwards (higher than position zi), see Figure 6.8c. The
height of the maximum of mi is controlled by the duration over which melting is
dominantly occurring in the layer i and only marginally in i+1 and therefore can be
used to quantify the amount of vertical localization of the region over which melting
occurs. As the most rapid melting occurs initially in the lowermost layer, when the
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Figure 6.9: (a) Comparison of a melting profile from our calculations with the simple
scaling law of Eq. (6.32). (b) shows that the argument of the exponential melting
decay with depth ς is proportional to Pe as expected from the scalings.

superheat carried by the non-wetting phase is maximum and the porous medium
remains fertile to melting, the maximum values of mi(t), max(mi), are expected to
decrease away from the inlet region (with increasing i) with a few exceptions due to
the actual distribution of refractory solids in each layer.

Assuming again a simple geometry consisting of a cylindrical pipe of radius R
with fixed wall temperature (here corresponding to the melting temperature of the
fertile solid fraction Tm), and a steady fluid flow entering at temperature T0 > Tm but
neglecting the effect of melting (latent heat absorbed and changes in pipe radius),
the mid-point (i.e. r = 0) temperature distribution along the pipe Tz is given by
(Bejan, 2004)

Tz(z) = Tm + (T0 − Tm) exp [−ς(z − z0)] , (6.29)

where z0 is the inlet region of the pipe and ς = A/(RPe) with Pe = uR/α. Ap-
proximating the radial heat transfer out of the pipe to

qr(z) ∼ −keff
(
Tz(z)− Tm

R

)

. (6.30)

Assuming now that the pipe wall is able to melt, and that the melting rate is low
(limit of low St), the heat flux balance at the wall determines the melting rate at
the wall

qr(z) ∼ ρsLfR
dφ

dt
, (6.31)

and hence, for small St in a simplified pipe flow geometry, we should expect the
amount of melting to decrease exponentially along the pipe

φ(z > z0) ∼ φ(z = z0) exp(−ςz), (6.32)

where ς ∼ 1/Pe. Figure 6.9a shows an example of porosity profile (averaged over
each of the horizontal layers) for a calculation with initially St=0.1 compared with
a fit of the form exp(−ςz). We plot in Figure 6.9b the dependence of the fitting
constant ς on Pe for three different Pe at St=0.1. These results are in good agreement
with the expected results for axisymmetric pipe flows in the limit of St≪ 1 even if
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the geometry of the conduit in our calculations is much more complex, the flow is
multiphase and the porous medium has an heterogenous distribution of fertile and
refractory grains. This analysis reveals that for St≪ 1 the heat can be channelized
vertically through the porous media ahead of the inlet over a penetration distance
that scales like Pe. For Pe≫ 1, the heat transfer to the wetting fluid and solid
matrix therefore becomes predominantly radial around the main capillary channels
rather than vertical from a sub-horizontal melting front migrating upwards from the
inlet.

Another way to approach the characterization of the heat penetration depth L in
a capillary channel of radius R is readily done by using the average non-wetting fluid
velocity in the channel unw and the characteristic timescale for heat loss radially by
diffusion τ ∼ R2/αeff

L

R
∼ unwτ

R
= Pe. (6.33)

Figure 6.10a-c illustrate the dependence of L on Pe, the aspect ratio of the thermal
contours in the capillary channels are plotted against Pe in Figure 6.10d.

The scaling relationship of Eq. (6.33) predicts that, as long as the St number is≪
1, the aspect ratio of the thermal contours in the capillary channels depends linearly
on Pe. The scaling remains valid and the aspect ratio approximately constant as long
as the flow in the channel width remains roughly constant with time. Figure 6.11
illustrates the second remark.

Another useful information on the heat transfer associated with the flux of buoy-
ant superheated non-wetting fluid can be extracted from the maximum values of mi

for each layers: the migration rate of the melting front. We define ti as the time in
our calculations when mi reaches its maximum value. We expect that at Pe≫ 1 the
heat transfer is dominated by the advective flux associated with capillary channels
which remains mostly constant during our calculations (see Figure 6.11). In the fol-
lowing figures, time is made dimensionless using the Fourier number Fo = αnwt/R

2,
where R is the average pore radius in the capillary channel. At Pe≫ 1, the rela-
tionship between ti and zi is expected to be linear (see Figure 6.12a.d and e) with
a slope β proportional to 1/Pe (Figure 6.12b-c). In contrast, at lower values of
Pe (≤ O(1)), the heat transfer is dominated by diffusion from the inlet region and
ti ∼ z2i (Figure 6.12d-e). We also compare the migration of the melting front for
different initial values of St, from 0.1 to 1. We observe that the migration rates are
significantly different even for similar Pe. However, if we rescale the time with St to
account for the effect of melting on the heat transfer (Figure 6.12b), the migration
rate become much more comparable over the range of St at fixed Pe. The residual
variability of dimensionless migration rate at a given Pe across the range of St can
be explained by the presence at high St of a largely melted buffer region next to the
inlet where the initial superheat is partially absorbed before capillary channels are
stabilized.

6.4.4 Macroscale evolution

In this section we discuss the evolution of the system at the scale of our porous
medium sample. We focus on the evolution of two scalar fields which are controlled
by the pore-scale dynamics described above (1) the overall normalized porosity and
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is linearly proportional to Pe. The error bars are calculated from the spatial resolu-
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L

L

L

a. b. c.

Figure 6.11: Snapshots of calculations at Pe=14, St=0.1 taken at different times.
They show that, for low St, the aspect ratio of isotherms in capillary channels
remains approximately constant with time.

(2) the non-wetting fluid saturation (pore volume fraction). Because the dynamics at
high St number (close to unity) is transient and evolves to St≪ 1 after a buffer layer
of a few average pore radius absorbs most of the superheat of the non-wetting fluid,
we center the discussion on lower St (St=0.1). Figure 6.13a shows the normalized
porosity increasing with dimensionless time in response to the amount of superheat
injected with the non-wetting fluid in the porous medium. We observe that even
for Pe> 1, at early times (small Fo), diffusive heat transfer from the inlet region
dominates and the φ∗ ∼ Fo1/2. As soon as capillary channels develop and melting
moves away from the inlet region, we observe a transition to a linear relationship
φ∗ ∼ Fo characteristic of an advective heat transfer-dominated regime. However one
can easily observe that the slope of φ∗(Fo) does not depend linearly on Pe contrary
to our discussion in the preceding section. This is because our definition of Pe is
local (pore-scale) and does not apply to an effective Pe at the Darcy scale. The
latter is of limited use because the macroscale evolution of the system is strongly
correlated to pore-scale processes (capillary instabilities, reactive transport).

Figure 6.13b shows the evolution of the global non-wetting phase saturation in
the porous medium as function of time (Fo). First, the saturation builds up as
the non-wetting phase accumulates. Second, the increase in porosity associated
with melting contribute negatively to Snw because Snw ∼ 1/φ∗. The two regimes
observed in the saturation evolution reflect the two competing processes (1) injection
of non-wetting phase on the positive side and (2) melting on the negative side. A
steady-state was not found during our calculations because of limited computational
resources and the time required to melt the solid matrix far away from the inlet and
from superheated channels.

Our calculations highlight the importance of localized transport of mass and
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Figure 6.12: Using the time (dimensionless) at which the functions mi reach a
maximum, we can track the migration of the melting front. We observe (1) that
St exerts a strong influence on the front migration (see (a)), but, when the time
is rescaled with St, results from different St calculations and identical Pe become
comparable. At low Pe, melting is dominated by heat diffusion from the inlet (see
migration rate ∼ Fo1/2 in panels d-e instead of ∼ Fo). (c) shows the dependence
of the slope of the trends in panel a on Pe for different St. The slope β ∼ 1/Pe as
expected.
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of the injection, it then reaches maximum and decreases because of melting (increase
in porosity).

reactant in capillary channels during the invasion of a buoyant non-wetting fluid in
porous media. The viability of these capillary channels is increased when the ratio
of mass transport of non-wetting fluid to superheat is maximized.

6.5 Conclusion

Multiphase flows in porous media control to a great extend the mass, heat and
chemical balance in the vadose region. In some instances, reactants are transported
by one of the two fluid phases and influences the mass transfer when reactions affect
the flow pathways at the pore-scale. The coupling between mass and momentum
transport between each phase is highly non-linear, especially at the scale of the pore.
Their investigation requires sophisticated numerical methods. Standard numerical
methods include (1) pore-network models, where a simplified dynamics is solved at
the scale of the pores and (2) macro-scale (Darcy-scale) models of multiphase trans-
port where the dynamics at the pore-scale is averaged in terms of simple constitutive
equations. We remark that both methods offer several advantages in terms of com-
putational simplicity and possibility to investigate larger sample volumes. However,
a proper account of reactive transport and its effect on the flow transport requires
a more complex approach where conservation equations are actually solved at the
pore-scale (Woods & Farcas, 2009).

In this study, we present a new numerical approach for multiphase reactive flows
in porous media at the pore-scale, where the pore geometry can be arbitrarily com-
plex. We use the numerical model to investigate (1) the effect of the reaction on
non-wetting fluid flow pathways (capillary channels), (2) the importance of the injec-
tion rate of the buoyant non-wetting fluid carrying the reactant, (3) the penetration
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depth of reactant advected beyond the diffusing reaction front. We compare our
results with scaling laws obtained for simple geometries in the limit of low reaction
rates and observe a good agreement between the two. Our calculations show that
(1) capillary channels are not stable when the reaction rate is large (when the flow
pathways are evolving rapidly because of melting/dissolution), (2) even for tortuous
capillary channels, in the limit of small St, the radial transport of reactant out of the
capillary channel decays exponentially with the depth of penetration in the porous
medium and (3) that the aspect ratio of iso-contours of reactant concentration in
the non-wetting fluid channels scales like the local Peclet number.

This study allows us to better understand the evolution of the spatial and tem-
poral distribution of each fluid phase and reactant in porous media and the impor-
tance of the injection rate of non-wetting fluid and the dissolution/melting rate of
the porous medium. However, a significant amount of work has to be conducted over
the next years to incorporate the small-scale physics learned from realistic pore-scale
models to models at the scale of field sites. We believe that the challenges associated
with the development of detailed pore-scale models and their upscaling is a difficult
but necessary step towards a better understanding of reactive transport.
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Conclusions

The main aim of this thesis was to investigate mass and reactants transports for sin-
gle and multiphase reactive flows in porous media, using a pore-scale perspective.
Due to the non-linear physics that controls the evolution of these systems, we tackled
these problems numerically. In terms of numerical development, we built a lattice
Boltzmann model to investigate thermal reaction processes (pure substance melt-
ing/solidification) that take place during the flow of an immiscible multiphase mix-
ture in a porous medium. Our code is based on the a PArallel LAttice BOltzmann
Solver, Palabos (2010), that guarantees a high parallel efficiency of our algorithm.
We built our code incrementally, implementing first the coupling between a fluid
governed by an incompressible Navier-Stokes behavior and the advection/diffusion
of the enthalpy field. This code allowed us to deal with thermal convection in
the Boussinesq approximation. Second, we improved our algorithm to resolve also
for moving fluid-solid interfaces due to melting/solidification processes. We finally
coupled our thermal code for pure substance phase change with an algorithm for
multiphase flows in porous media.

In the different chapters of this thesis, we used the algorithms we developed to
address the different questions listed in the introduction chapter. In what follow,
we summarize the contribution that we made on these questions. A short section is
presented for each one of them.

Are pressure and buoyancy-driven single phase fluid flows in porous
media equivalent?

In chapter 3, we study the importance of pore-scale effect in porous media flows.
Generally, single phase porous media flows are studied at a scale that is much greater
than the pore-scale, the so-called Darcy’s scale. At Darcy’s scale, pore-scale effects
are taken into account by using experimentally determined constitutive equations
such as the relationship between porosity and permeability in a porous medium.
The Darcy’s equation relates the mass discharge through the porous medium to its
permeability, the viscosity of the fluid and the driving force of the flow (either pres-
sure gradient or buoyancy). For Darcy’s equation, pressure and buoyancy driven
effects are equivalent (equivalent in term of head-gradient definition). This assump-
tion can lead to misleading results. By using a pore-scale numerical approach (in
other words, without making any assumption about the permeability of the porous
medium), we compare numerical experiments conducted under equivalent pressure
and buoyancy-driven conditions. We observe that for equivalent pressure and buoy-
ancy forcing, both mass discharges and therefore inferred permeabilities are different.
This discrepancy between the two types of fluid flows is particularly evident at low
porosity (about an order of magnitude at porosity of 0.1).

How does dissolution/melting influence the mass and reactants/heat
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transport in porous media?

In chapter 3, we also study the influence of reaction processes on the mass dis-
charge through the porous medium. Reaction (i.e. dissolution/melting) processes at
the pore-scale imply a change in porous medium geometry. The evolving topology
of the porous medium affects the flow pathways and dispersion of reactant. In a
reactive porous medium the flow conditions are always transient. It is interesting
to remark that when pore-scale numerical experiments with equivalent pressure and
buoyancy boundary conditions are performed in a reactive environment, the differ-
ence observed in discharge between the two type of flows becomes even more evident
than for non-reactive (steady-state) case.

What controls the spatial distribution of an immiscible multiphase
flow in a porous medium?

In chapter 4, we focus on pore-scale effect in isothermal multiphase porous media
flows. The pore-scale dynamic of immiscible multiphase fluids in porous medium
is governed by the capillary couplings between the different porous medium con-
stituents (fluid-fluid and fluid-solid interactions). Differences in viscosity between
the two fluids can also have an effect on the dynamics. The coupled effect of cap-
illary and viscosity instabilities are then responsible for driving the displacement
of a non-wetting fluid in a saturated porous medium (imbibition processes). The
injection rate of the displacing fluid is another important factor for the distribution
of the the different phases in a porous medium, especially if the displacing phase is
buoyant. For example, high enough injection rate of non-wetting fluid can lead to
the formation of pathways for the invading fluid (pathways at low resistivity to the
flow of the non-wetting fluid). On the other hand, non-steady injection condition
(as example a decrease in injection rate) can lead to break-up of channels because of
a change in balance between capillary forces and buoyancy forces The break-up of
channels, consequently, can have a drastic effect on the distribution of the different
phases and overall mass discharge.

What governs the formation of capillary channels? Can capillary
channels growth in a perfectly homogeneous porous medium?

In our work, we model the injection of a buoyant, non-wetting phase in a satu-
rated porous medium. In particular, we investigate the capillary instabilities effects
that lead to the formation of sustained preferential path of non-wetting fluid (cap-
illary channels). Generally, capillary instabilities are attributed to pore-size hetero-
geneities. However, in our study, we numerically confirm a theoretical prediction
based on a scaling arguments that suggests that capillary channels can grow in a
porous medium even in presence of an homogeneous pore-size distribution because
of capillary instabilities.

How does the buoyant migration of non wetting fluid influences the
heat transport in a porous medium? In chapter 6 we study the thermal and
porosity evolution of a saturated porous medium that is subject to the invasion of
a non-wetting fluid. The non-wetting fluid, coming from a hot region, carries also
heat in the system. The buoyant non-wetting phase can form capillary channels that
maximize the mass discharge through the porous medium. The associated discharge
of reactants, however, shows a more complex behavior. In our work we saw how two
different calculations with equal Stefan and Bound number, that are both charac-
terized by the formation of sustained capillary channels, show a different behavior
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in heat transport (see Figure. 6.7). The contrasting heat transport behavior that
we observed is because of their different Peclet numbers (ratio between advection
heat transport and diffusion heat transport). For instance, at Peclet number close
to the unity, the transport of heat is diffusion dominated (see Figure. 6.7g.), while
at higher Peclet number, we observed how the reactant penetrates into the porous
medium well behind the melting diffusion front choosing, as preferential way, the
path at higher conductivity (higher flow velocity). In particular, we observed that
the vertical penetration of the reactant is linearly proportional to the Peclet number
(see Figure. 6.10).

What is the effect of reaction processes on the stability of capillary
channels? How is the coupling between reaction processes and non-
wetting phase discharge?

In chapter six we also investigated how thermal reaction between the reactants
and the solid matrix influences the discharge of mass and reactants through the
porous medium. As the initial temperature of the injected fluid is above the melting
point of a substantial volume fraction of the solid matrix, temporal changes in the
geometry of the porous matrix are expected. The transient nature of reactive flows
in porous media, then, affects the flow and dispersion of heat at the pore-scale.
For instance, we observed that fast reaction rate due to a large superheat, can
have a drastic effect on the stability of capillary channels. If the capillary channels
break, the local Peclet number decreases and so does the reactant transport behind
the diffusion reaction front. In terms of reactant transport, we were interested in
investigating the flow conditions and reaction rate (efficiency) that maximize the
depth of reactants penetration (heat) inside the porous media. We found that the
conditions that maximize the depth of penetration of heat are low reaction (small
Stefan numbers) and high injection rates. The numerical results were compared with
scaling laws derived for a much more simpler system, an axisymmetrical annular
flow, and we found a good agreement between the two.

Perspectives

From the numerical point of view, one of the major limitations of our multiphase
model is its inability to deal with binary mixtures characterized by an high viscosity
ratio. This drawback prevents us from investigating the duality between capil-
lary and viscous instabilities for the formation of capillary channels in the porous
medium. Recent lattice Boltzmann schemes (He et al., 1999a; Lee & Lin, 2006) al-
low to deal with viscosity ratios up to 1000 (e.g. water-air systems). Up to now,
however, proper boundary conditions for such class of models that can be used for
flows in complex geometries have not been proposed. Moreover, as discussed in
chapter 5, the Shan-Chen model is unable to solve for thermo-capillary instabilities;
it would be interesting to test if the model proposed by Lee (Lee & Lin, 2006; Lee,
2009) would be more successful in modeling such temperature induced instability.

A second problem worth investigating is the effect of the diffuse interface on
bubbles and droplet coalescence. Generally, due the limited resolution size in 3D
applications, the diffuse interface can have sizes that are important with respect to
the bubble/droplet radius. Because of the poor resolution, lubrication forces can be
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underestimated; this can have important consequences on the coalescence behavior
between different bubbles/droplets. Hybrids Lattice Boltzmann-Volume of Fluid
models could offer an interesting alternative for these processes.

To conclude, the different studies presented in this thesis aim at understanding
the role of pore-scale effects on the large scale dynamics. Further work has to be
done on upscaling strategies to incorporate our results into large-scale numerical
calculations.
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